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K-THEORY OF PROJECTIVE STIEFEL MANIFOLDS

NELZA E. BARUFATTI AND DEREK HACON

ABSTRACT. Using the Hodgkin spectral sequence we calculate K*(X,, 1), the
complex K-theory of the projective Stiefel manifold X,, i, for mk even. For
mk odd, we are only able to calculate KO(Xm,k), but this is sufficient to
determine the order of the complexified Hopf bundle over X, .

1. INTRODUCTION

In this paper we extend the calculation of K*(X,, ), the complex K-theory ring
of projective Stiefel manifolds, begun by Antoniano, Gitler, Ucci and Zvengrowski
in [2]. Prior to the appearance of [2], K*(X,, ) had been calculated for the real
projective spaces X, 1 ([1]) and projective orthogonal groups ([9]).

The work of Hodgkin [10], Roux [12] and, subsequently, Antoniano, Gitler, Ucci
and Zvengrowski [2] emphasized the importance of the Hodgkin spectral sequence
in calculating K*(G/H) where G is a compact Lie group with 71 (G) torsion free.
Hodgkin laid the foundations for later work on the K-theory of homogeneous spaces
and showed how to calculate K*(G/H) in various cases of interest. In [I2] Roux
dealt with the case of Stiefel manifolds viewed as Spin(m)/Spin(m — k) (see also
[7). For the projective Stiefel manifolds X4, 2s—1, the case treated in [2], the
subgroup H of Spin(4n) is isomorphic to the group Z/2 x Spin(4n — 2s + 1).

In the general case considered in the present article X, = Spin(m)/H, where
H contains Spin(m — k) as a subgroup of index two but in general is not a product.
To calculate K*(X,, ) the representation ring RH is computed (§4, Theorem B)
together with the restriction homomorphism RSpin(m) — RH. From this it can
be deduced that the Hodgkin spectral sequence collapses (§7] Theorems Hl and H)
when mk is even.

An important application is that the order of the complexified Hopf bundle
associated to the double covering V,,, , — Xy 1 may be calculated for all m and
k (this order has been obtained in [2] only for m = 4n). Consequently, non-
immersion results for projective Stiefel manifolds may be deduced as in [3], as well
as alternative (somewhat shorter) proofs for the non-parallelizability results of [2].

2. PROJECTIVE STIEFEL MANIFOLDS AS HOMOGENEOUS SPACES

The projective Stiefel manifold X, is the quotient of the Stiefel manifold
Vi (of orthonormal k-frames in R™) by the involution which takes a k-frame
{v1,--, v} to its opposite {—vy, -+, —vi}. For 1 < k < m, which we hence-
forth assume, the special orthogonal group SO(m) acts transitively on X,, j with

Received by the editors May 27, 1993.
1991 Mathematics Subject Classification. Primary 55N15; Secondary 55R25, 57T15.

(©2000 American Mathematical Society

3189



3190 NELZA E. BARUFATTI AND DEREK HACON

isotropy subgroup K, consisting of all matrices of SO(m) of the form +I @ A,
where I = Ij; is the (k x k) identity matrix and A € O(m — k).
Let p :Spin(m) — SO(m) be the 2-fold covering map. Then

Xk = Spin(m)/Hp, i,

where Hy,; = p~'(Kmx) and Spin(m — k) a subgroup of index 2 of Hy,, is
generated in the Clifford algebra by the last (m — k) vectors of the canonical basis
{e1, -+ ,em} of R™. We have the commutative diagram

Spin(m — k — 1) —— Hp k41 —— Spin(m)d —— X k11

J l l

Spin(m — k) Hy, Spin(m) —— X 1d
Jp lp Jp
SO(m — k) Kk SO(m) —— Xk

The manifolds X,  and X, x+1 are related as follows: if Spin(m)/Hpm k41 is
the corresponding expression for X, ry1, then Hy, 411 C Hyy o and Spin(m — k) N
H,, k41 = Spin(m — k — 1).

The following description of H,, ; will be useful. Let w be an element of H,, j
that is not contained in Spin(m — k), so that H,, , = Spin(m — k) UwSpin(m — k).
If at least one of m or k is even, w can be chosen to lie in the center of H,, ; . In
the Clifford algebra, we choose w = e1---e,, if mis even, and w = ey ---¢e if k is
even and m odd. Note that w? = 1, depending on the values of m and k mod 4.
In general

2 +1ifr=0,3 (mod4),
(el...e'r‘) — .
—1lifr=1,2 (mod4).

Let © be the subgroup of H,, ; generated by w. If w? = +1 , then Q = Z/2 and
Hp i = Q x Spin(m — k). If both m and k are odd, w cannot be chosen to lie in
the center of H,, , and in this case we will choose w =€ ---ep41 . Then w lies in
the center of Hy, y4+1, and w?=+41.

3. THE COMPLEX REPRESENTATION RING RSpin(m)

Next we summarize the necessary facts on the complex representation ring of
Spin(m) from [E] and [11].

Let m = 2n or 2n + 1, and write 7™ for the n-fold product S* x --- x S*, where
S! stands as usual for the circle group in the complex plane.

Let z; be the character given by projection of 7™ onto the ith factor. Then

RT™ = Z[zl,zfl,--- ,zn,z_l].

n
Let 7 : T™ — Spin(m) be the homomorphism given by
T(ewl, e ,eie") = (cosf1 + ereasinby) ... (cosb, + eap_1€2,8in6,)

(product in the Clifford algebra). Then 7 maps T™ onto the maximal torus T'(n)
of Spin(m). Clearly 7(z1,- - ,2,) = £1 if and only if each z; = £1, so 7 covers its
image 2”1 times.
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In RSpin(m)[t] we define
(=) A =1 +0) [ +t22) (1 +tz7?)
3 i=1

(where e =0 for m = 2n and e =1 for m = 2n + 1), and

n

Anlt] = [z + tz7h).

i=1

A[t] is the character of the total exterior power representation which factors through
the double cover Spin(m) — SO(m). As for A, [t], putting ¢ = 1, we have the spin-
representation A, in RSpin(2n + 1) and the sum of the half-spin representations
AY+ A, = A, in RSpin(2n) with

n

2°A2 =2 [[(zi + 27 )2 =2 [J(A + 2D)(1 + 2,7%) = A[1].
i=1

i=1

Putting ¢t = —1, we have y = A} — A, in RSpin(2n).

Let € : RSpin(m) — Z be the augmentation which assigns to each representation
its dimension, so that e(A") = (7), e(An) = 2", ¢(AF) = 2771, Later on, when
working with the Koszul resolution, it will be preferable to replace the exterior

powers by the augmentation zero K-Pontrjagin classes
n
= thﬂ'i = H(]_ —|—t(2:l — 2;1)2).
i>0 i=1
Note that ¢™ is the highest power of ¢ occurring in this product; so m; = 0 for ¢ > n.

One has

) = 040" [

Let 0, = A, — 2" and §F = AF — 2"~ We have (see [4] and [11])

Aftj=(1+t)™ f[ (1 + (2 — 2 1)?

Theorem 1. With the above notation,
(i) RSpin(2n + 1) is the polynomial ring Z[A',--- A"~ A,] and is also the
polynomial ring Z[m1, -+ ,Tn—-1,0s]. One has

A2 = A"+ A" A =, AT 16T 4 -+ 22

(ii) RSpin(2n) is the polynomial ring Z[AL,---  A"2, At A] and is also the
polynomial ring Z[my, -+ ,Tpn_2,0,,8,] = Z[m1,- - 7rn 2, X5 n] One has

AZ =7, +4mp_1 + 16mp_0 + -+ 27 AFAS = AT AT 4 AT 4

and x? = m,.

(iii) Restriction Res : RSpin(2n + 1) — RSpin(2n) takes Aft] to (1 + t)Aft],
A, to AY + AL, and r[t] to [t].

(iv) Restriction Res : RSpin(2n) — RSpin(2n — 1) takes Aft] to (1 + t)A[t],
A to A, 4, and w[t] to 7[t].
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4. THE RING RHp, j,

Henceforth we shall write H instead of H,, ; when m and k are clear from the
context.

We next calculate RH in terms of R{2 and RSpin(m — k). Recall that m = 2n
or2n+1. Welet m — k =2cor 2c+1 and s = n — ¢. Thus, for m = 2n, k = 2s or
2s— 1, whereas, for m = 2n+ 1 we have k = 2s or 2s+ 1. Note that ¢ = [(m —k)/2]
always.

4.1. RH for m—k odd. If m = 2n is even, set w = ejes - - - €, as in §2 and define
@€ T" tobe (i,.(n).,1) . If m=2n+11is odd (so k = 2s is even), set w = ey --- ey,
as in §2 and define @ € T" to be (i,.(s.,4,1,...,1). In each case 7(¥) = w. Let Q
be the subgroup generated by @. Then Q ~ Z/4. Since w lies in the center of H,
multiplication in H induces an epimorphism Q x Spin (2¢+ 1) — H which extends
the inclusion Spin(2c¢+ 1) C H and takes @ to w, with kernel

{(171%(@2;1)} if w? = 1,

K={0"z) w=1}= {{(1, 1), (@2 -1} ifw?=—1.

This induces an inclusion RH C R(Q x Spin(2c+ 1)) = RQ ® RSpin(2¢+ 1), and
we can identify a representation in RQ ® RSpin (2¢ + 1) as coming from RH if it
is trivial on K.

Now, RQ = R(Z/4) = Z[¢]/(¢* = 1), where ¢(&) = i, and R(H/Spin(2c¢+1)) =
R(Z/2) = Z[#]/(6*> —1). The composite Q@ — H — H/Spin(2c + 1) identifies 0
with ¢?. When working in R(Q x Spin(2c+1)) we will often drop the symbol ® and
write for example, ¢, p, ¢p instead of p® 1, 1 ® p, ¢ ® p. Note that RH contains
6 coming from H — H/Spin(2c+ 1) as well as the exterior powers AJ = 1 ® AJ,
since A7(—1) = I. As for A., we have A.(—1) = —I. Thus for w? = 1 the element
1 ® A, lies in RH and for w? = —1 the element ¢ ® A, lies in RH. In either case,
we refer to this element as A, (note that A, = ¢" ® A, when m = 2n, whereas
A.=¢* @ A, when m = 2n + 1 and k = 2s).

Proposition 1. Let be m —k odd (m—k = 2c+1, ¢ > 0). Then RH is the subring
of RQ ® RSpin(2c+ 1) generated by the elements 6, A, ..., A°"! and A..

Proof. We have seen above that RH contains the elements listed above. Conversely,
arguing as on p.235 of H], we prove that RH is the subring fixed by a certain
automorphism of RQ ® RSpin(2¢+ 1). The element (&2, w?) lies in the center of
Q ® Spin(2c + 1), and so translation by (&2, w?) gives rise to a ring involution
(@2, w?)*on R(Q ® Spin(2c + 1)) which takes a typical irreducible representation
p to %p, the sign depending on whether p(@? w?) is +1 . Since (©2,w?) maps
to 1 in H, this involution fixes RH elementwise and corresponds to (&?)* ® (w?)*
on RO ® RSpin(2c + 1). The latter fixes 6, A',--- A" A, and takes ¢ to —a.
Hence Fiz((0?)* ® (w?)*) is generated by 6, A, ---  A°"1 and A.. Tt follows that
RH = Fiz((@*)* ® (w?)*) and therefore that RH is generated by the elements
listed above. |

4.2. RH for m and k both even. There is a similar result when both m and
k are even. In this case w = e1--- e, and we define AT and A7 in RH to be
1® A} and 1® A respectively if w? = +1, and ¢ ® AT and ¢ ® A7 respectively
if w? = —1.
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Proposition 2. Let m and k both be even (m — k = 2c¢ > 0). Then RH is the
subring of R ® RSpin(2c) generated by O, A',---  A°"2 AT and A .

Proof. As before, the elements listed above belong to RH. Conversely, arguing as
in Proposition 1, one has that Fiz((©?)* @ (w?)*) is generated by 6, Al ... A2
AF and A7, as we wanted. O

4.3. RH for m and k both odd. Let m and k be odd, so that m —k = 2¢, ¢ > 0.
In this case X, is not orientable and H,, , cannot be expressed as a quotient
of Q x Spin(2¢c). However RH,, ) can be calculated in terms of RSpin(2c) and
RH,, j4+1. Since m — (k+1) = 2¢—1is odd, RH,y, k41 is known from Proposition
[ The argument we use is based on the calculation of RO(2n) at the end of [4].
Recall that w is now e ---ep41 , an element in the center of H,, x+1 (but not of
Hp, ). There is a commutative diagram of restriction homomorphims

RSpin(2¢)
Ress Res
/! N
RH,, 1, RSpin(2¢ —1)
N /!
Resg Res
RHy, g1

Remark 1. The reason for choosing the subgroups Spin(2c) and Hy, k41 is that, if
T(c) and T(c—1) are “the” maximal tori of Spin(2¢) and Spin(2¢c— 1) respectively,
then T'(c) and QT (c — 1) = Q x T'(c — 1) are Cartan subgroups of Hy, ; contained
in Spin(2c) and H,, k41 respectively.

Now H,, i has two connected components and so possesses exactly two conjugacy
classes of Cartan subgroups. From this it follows (see [4]) that the homomorphism

(Ress, Reso) : RHp, , — RSpin(2¢) ® RHp, p+1 C RT(c) @ R(QT (¢ — 1))

is a monomorphism. We will use the above to calculate RH,, j in terms of genera-
tors and relations. The generators in question are 8, A',--- , A°~! and A., defined
as follows. The element § comes from H,, j — H,, r/Spin(2c), and Al ... Ac~!
are the exterior power coming from H,,  — Hp, 1/£1, where Hy, /£l = Ky i D
SO(2c¢). Finally, A, is the representation of H,, j induced from A7 (or equivalently
A7). The elements 6, Al,--- A"t A, of RH,, j restrict to 1,A,--- JA°"1 A, in
RSpin(2¢c), and to ,A' + OA° - A"t + 9A"2 and (1 + 0)A.—1 in RHp, k11
(Lemma [ below).

Proposition 3. Let m and k both be odd (m —k = 2¢ > 0). Then RH is generated
by the elements 9,1_&1, <o AT AL (defined above), subject only to the relations
02 =1 and OA. = A.. Furthermore, A>**~% = A" and A[1] = AZ

Proof. This is divided up into various lemmas. O
Lemma 1. Resy(A.) = (1+60)A._1 and Resy(A?) = A* + 0N,

Proof. By definition Res (A.) = A} + A7, so the restriction of A, to Spin(2¢—1)
is 2A._1. From the definition of A, as an induced representation one has that,

on QT (c — 1), trace A, is zero. But (1 + 0)A._1 € RHy, 41 also restricts to

2A.-1 on RSpin(2c — 1) and has trace zero on QT(c — 1). Hence, Reso(A.) =
(1+60)A._1. As for A’, we have that, on QT (c — 1), the trace of A" is the ith
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symmetric polynomial on zf,zl_Q, e ,22_1,2;21, 1 plus the (i — 1)st symmetric
polynomial on 230, 2720 ,---,22 .0, 20__219, 6. Hence Reso(A?) = A* +0A1. O

Corollary 1. In RH,, ) one has 0A, = A, and A%~ = A",

Proof. The first equation follows from the fact that Reso(0A.) = 6(1 + 0)A._1 =
Reso(A.) (since 62 =1 implies 0 (1 + 6) = 1+ 6) and Ress(0A.) =Ress(A.). The
second equation follows from the fact that Ress(OA?) = A? ~ A2¢~% = Res (A%°™%)
and Reso(OA") = O(A" + OA™1) = OA" + A1 & GACe D=1 4 A@em D=0
A7t 4 9N =Res o(A%°77), so that OA? ~ A%, O

We next identify Ress(RHy, ) and Reso(RHp, k) as fixed rings of certain au-
tomorphisms of RSpin(2¢) and RH,, . To this end, consider the elements w in
the center of RHy, k41 and a = egy1--- €y in the center of Spin(2c). Then w
normalizes Spin(2¢) and o normalizes Hy, k1, since a anticommutes with w.

Let C, : RSpin(2c¢) — RSpin(2¢) be the automorphism induced by conjugation
by w, and similarly for Co : RHp, p+1 — RHypy k1. Clearly C, fixes anything in
the image of Ress, since C, : RHy,;, — RHp,  is the identity. Hence C,, fixes
Al - ATl As for AF and A7, we note that w normalizes the maximal torus
T(c) of Spin(2¢c), and so gives rise to C,, : RT(c) — RT(c). It is easy to see that
C,, inverts just one z; (namely z.) and so exchanges A} and A7 .

Turning now to Co : RHyy k41 — RHp, 41, We see that C, fixes the elements
0,A',--- JA°"Land (14 60)A._1 in Reso(RH k). Since RH,, 41 is generated by
0,A,---  A°"2 and A._; we need only look at Cy(A._1).

Lemma 2. Ca(Ac—l) = 9&0_1.

Proof. Since a belongs to the center of Spin(2c), it follows that on Spin(2c — 1)
we have Cy(Ac—1) = Ae1 = 0A._1. And, for h € Spin(2¢ — 1), we have

Co(Ac1)(wh) = Ac_1(atwha) = Ac_i(—wh) = Ac_1(—1)A._1(wh)
= —A._1(wh) = 0(wh)A._1(wh),

proving the lemma. O

Let A be the subring of RH,, generated by 6,A',--- A°"! and A.. Our
objective is to prove (Lemma H) that RH,, , = A.

Lemma 3. Ress(RH, ;) = Ress(A) and Reso(RHy, i) = Reso(A).

Proof. First, Ress(A) C Ress(RHy k) C Fiz(C,). Conversely, RSpin(2c) =
Z[AY,--- A2 AT A7), and C,, fixes AL, .-+ A2 and swaps A} and A . Hence
Fiz(C,) is generated by Al,--- [ A°"2 ATA- and AF + A7, ie., by Al ... Ac!
and A.. But the latter all belong to Ress(A). Hence Ress(RHy, ;) = Ress(A), as
required.

Next note that, as a Z[0,A!,--- , A" !]-module, RH,, 41 is freely generated by
1 and A._1 since A2_; lies in Z[0, AL, -+, A" (cf.43, Theorem [(i)). Since C,
fixes 0, A',---  A°"! and sends A._; to §A._; (Lemma [, it follows that Fiz(C,)
is generated by 6, A, ---  A°" T and (1 +6)A._; . Since  and A’ + OA*~! both lie
in Reso(RHp k), so does A*. Hence Reso(RH) = Resg(A). O

Lemma 4. A= RH,,
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Proof. Let * € RH,, . By Lemma Bl there exists y € A such that Ress(x) =
Ress(y). So we may assume that Ress(z) = 0. Now consider Reso(x). It belongs
to Reso(RHy, ;) which by Lemmas [ and Blis generated by 6, Al,---  A°~! and
(14 60)A._1. Since ((1+ 0)A._1)% € Z[0,AL,--- ,A°71], we may write Reso(z) in
the form a+ b6 + (1+60)dA._1, where a,b,d € Z[A',--- ,A°"!]. But ResReso(z) =
ResRess(x) = 0 (where in both cases Res stands for “restriction to Spin(2¢—1)”).
Hence a+b+2dA._1 = 0in RSpin(2c—1). Now RSpin(2c—1) = Z[AY,--- | A72,
A._1] is freely generated over Z[Al,--- ,A°"!] by 1 and A. ;. It follows that
a+b=0and d =0. Thus, Reso(z) = (1 — 0)a. Now, Reso : RHp,  — RHp k11
sends AL .- (AL to AL +6,-- AL 4+ 0A°~? and hence sends (1 — 0)AL,--- to
(1 —0)(A* + ), -, which is to say (1 — 0)(A* —1),---, since §? = 1. Thus Reso
sends (1 — @)a (where a = a(A',--- ,A°"!) in RH,, ) into (1 — @)a(A' —1,---,
A¢~! — A¢=2). Now @ may be chosen so that Reso((1—6)a) = (1 —6)a. But clearly
Ress((1—60)a) = 0. Recalling that Ress(x) = 0, we conclude that x = (1—6)a, since
both restrict to the same elements in RSpin(2c¢) and RHy, j+1. Thus RH,, = A,
since (1 — 6)a € A. O

Finally we determine the relations in RH.

Lemma 5. All relations among 6,AY,--- A" and A, in RH are consequences
of 0> =1 and A, = A...

Proof. We know that 6% = 1, A, = A, and #A? = A?*~? do hold in RH (Corollary
M). Suppose we have a relation among 6, Al,--- A~ !and A.. Using #? = 1 and
0A. = A. we may write this as f(A.) +af = 0, where f € Z[A',---  A°"!][z] and
a € Z[AY,--- JA°!]. Then 0 = Ress(0) = f(A.) +a. But Al,--- AL A, are
algebraically independent in RSpin(2c). Thus f(x) = —a in Z[AY,---  A“71][z].
So, the relation is (1 — #)a = 0. But then 0 = Reso(0) = (1 — ) Reso(a). Now a is
a polynomial in A%, --- A1 and as above

(1 —0)Resg(a) = (1 —O)a(A* —1,--- A1 — A2,

By Proposition [l we have a(A! —1,--- A1 — A°"2) = 0. Since A!,... A°"!
are polynomial generators of Z[Al,---  A°"Y], asare Al —1,--- ;A" — A2 we
may conclude that a = 0. So, all relations follow from #? = 1 and §A, = A,. This
proves Lemma

This also concludes the proof of Proposition [3] O

We collect the above results on the structure of RH in Theorem[2 below. In the
case mk even, it will be convenient to introduce Pontrjagin classes in RH analogous
to the ones in RSpin(m). The easiest way to do this is to note that, in Proposition
M the generators A',--- , A1 4 and A, may be replaced by 71, -, Te_1, y =
6 — 1, and J. and similarly in Proposition Bl as in §81 When m and k are odd,
Pontrjagin classes are not available; this is one of the reasons why this case turns out
to be much thornier than the rest; but since we will use the Koszul resolution later
on for all cases, we use the augmentation zero classes \; = A? — (21,0),2' =1,---,2¢
when mk is odd.

Theorem 2. (i) Form—k =2c+1,¢>0 (k=2s ork=2s—1), RH is generated
by 0, A, AL and A, (or equivalently byy = 0—1,m1, -+, Te—1, and 6.) subject
only to the relation 02 — 1 (or equivalently y* + 2y = 0). The element 7. is given
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in terms of the generators by

A2 = ¢° ZQQ(C_i)Wi if m is odd,
A2 = o 222(“’*1‘)7@ if m is even.

(i) For m and k both even (m —k = 2c > 0,m = 2n and k = 2s), RH is
generated by A*,--- (A2 AT A7 and 6 (or equivalently by w1, -+, Te_2,61,0,
and y) subject only to the relation 6% = 1 (equivalently y* + 2y = 0). The elements

w. and T._1 are given in terms of the generators by

c c—1
A2 =gy 220 AFA; =0n Y 22t 0g,
=0 =0

2= (65 —6,)2=0"r,.

(iii) For m and k both odd (m —k = 2¢ > 0) RH is generated by 0, A',---  A°~!
and A, (equivalently by y, M1, -+ , Ae_1, and 5.) subject only to the relations 0> = 1
and A, = A, (equivalently by y*> + 2y = 0 and 6.y = —2%). The element A° is
given in terms of the generators by

A2 =(1+0)(1+ A"+ ...+ A + A
Proof. The theorem follows almost immediately from Propositions Il Bland Bl [

Remark 2. In addition to y? + 2y = 0, notice the following formulae, which follow
from the definition of y and 6: ¢ = (=2)7=1y for j > 0, y6/ = y(1+y) = (—1)7y,
forj >0, (1+y)2=1,(1+60)°=2"11+0),01+60) =1+6and y(1+0)=0.
These will be used many times henceforth and without specific mention.

5. THE RESTRICTION Res : RSpin(m) — RH

5.1. Restriction for m — k odd. Let Q be as in @Il We have the following
commutative diagram:

Q x Spin(2¢+ 1) —— H C Spin(m)

}dw I

QXTC—>H T,

where u stands for multiplication and 4, j are inclusions. Since w lies in the center of
H, every element of H is conjugate to an element of QT'(¢). Hence it suffices to cal-
culate the homomorphism RSpin(m) — RO ® RT(c) induced by p, or equivalently
to calculate p* : RT" — RQ® RT®.

Case 1. k even, m odd (m =2n+ 1,k =2s,s+c=n).
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In this case the restriction is Res: RSpin(2n+ 1) — RHapy1,25s. Hence
R@S.' Z[?Tl, oty Tp—1, 5n] - Z[ﬁ-la e 77Trc—1; 50) y]/(y2 + 2y)

Here, 7[t] denotes the [t] corresponding to RH|[t]. Observing, as in [41], that
Z[4 =~ Q C T" is generated by & = (i, .(s).,4,1---,1) and that a generic element
€ € T has the form & = (1,...,1,e"s+1 .. e¥) it is easy to see that

o, 1<j<s,
p#(z5) = :
zj, s+1<j<n.

Hence, defining 7/[t] = p#7[t], we have
H 14t(z; — 27 1)?)

n

1+to—0¢) [] A+t -2

3

(1)

Jj=1 J=s+1
= (1+2ty)°w[t] (since (¢ — )% =260 — 2 =2y).
It follows that
2) 7lt] = (1 + 2ty)*x'[t,
so that 7; is a linear combination of 7f,--- , 7, with coefficients in Z[y], for ¢ =

1, ,c.
Next, consider A, € RSpin(2n+ 1). Since A,, = HJ 1(z + z;l), we have

S n

# ) =[Je+¢" I[ Gi+2

j=1 j=s+1

_{ (1—|—9) ¢ if s odd
L+

0)*A, if s even

} = (1+0)°A..
So, we obtain
(3) Res(A,) = 2°71(2 + y)A..
From [[T)] and we have
Proposition 4. For m =2n+1 and k = 2s, Res : RSpin(2n+ 1) — RH is given

by
Res(w[t]) = 7'[t] = (1 + 2ty)*7[t],
Res(6,) = 25712 + )6 + 2" 1y.
Case 2. k odd, m even (m = 2n,k = 2s — 1).
In this case the restriction is Res: RSpin(2n) — RHa, 25—1. Hence
Res: Z[m1,- ,Tn_2,0,,Xn] — Z[T1, - s Te—1,00, Y]/ (¥* + 2y).
This time & = (i, .()-,4) and £ = (1,---,1,e®=+1 ... i) imply

?, I1<j<s,
p#(z) = ,
¢z;, s+1<j<n.
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Hence
") - AL+t - 7))
= J[n+t@—o% T [+t(oz — (@) ")
Jj=1 j=s+1
= (1+2ty) f[ [142t(0 — 1) +t( 7
j=s+1
. n o to
= (14 2ty) jgl {1—}—(2] z; )2(1—|—2ty)
Therefore,
(4) m'[t] = (1 + 2ty)"7[ul,

where u = u(t) = t(14+y)/(1+2ty). Since (1+2ty)(1+2uy) = 1 one has u(u(t)) = 1,
so that

() 7lt] = (14 2ty)"n'[u],
from which we conclude as before that 7; is a linear combination of 7{, - - - , 7w, with
coefficients in Z[yl, i=1,--+ ,c

Next, we have (in RSpin(2n)) A and A, . If we write, as in §8 A,[t] =

H?=1(Zj + tz;l), we have A, [t] = AL +tA, for t = +1. Hence, for t = +1,

F(Afl]) = H¢+t¢ IT (62 +te7 "2
Jj=1

Jj=s+1

= (1+t0)%e" ﬁ (2 +té)z
j=s+1
= ¢"(1+10)°Afto] = 2571 (1 + t0) " A[tH),
from which it follows that
(6) Res(AF) =2°"'A. and Res(A,) = 2°719A...
From [(4)] and [(6)] we have
Proposition 5. For m = 2n and k = 2s — 1, Res: RSpin(2n) — RH is given by
Res(n[t]) = 7'[t] = (1 + 2ty)"7 [t(1 +y)/(1 + 2ty)],
Res(8;) = 25716,
Res(xn) = —2° 6.y — 2" 1y,
5.2. Restriction for m and k£ both even. Next m = 2n, k = 2s and as before
¢ =n — s. The restriction is given by Res: RSpin(2n) — RHay 2s. Hence
Res: Z[m, - Tn_2,00,Xn] = Z[71, -+, Te—2,08,0c, 9]/ (y% + 24).
As in [BT] case 2, we have
(7) #1t] = (1+ 2ty)"[ul,

(8) Res(AF) =2°"'A, and Res(A,)) = 2°"10A,
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(here Ao = Af + A). Hence, from [[7)] and[(8)] we have

Proposition 6. For m = 2n and k = 2s, Res:RSpin(2n) — RH is given by
Res(n[t]) = o'[t] = (1 +2ty)"7 [t(1 +y)/(1 + 2ty)],
Res(6;7) = 25716, (0. =08 +46.),
Res(xn) = =26y — 2" 1y,

5.3. Restriction for m and k£ both odd. Here m = 2n + 1, &k = 2s + 1.

We write A[t] for the corresponding A[t] to RH,, x[t]. The restriction is given
by Res:RSpin(2n+ 1) — RHap41,25+1. Hence

Res: Z|A', - A""1 Al — ZIAY, - AT AL 0)/(02 — 1,0A. — A,).

We may identify Res(z), € RSpin(2n + 1), by calculating the restriction of x

to RSpin(2c) and to RH,, x+1. In the case of RH,, k+1, going back to Bl case 1,
where Res:RSpin(2n+ 1) — RH,, 11, we have (note k +1 = 2(s + 1)) that

Res(A[t]) = p#(1+1) [JQ+t22)(1+1272)

i=1

s+1 n
A+t JJa+wya+to") J] Q+t)@+1z7?)

j=1 j=s+2
= (1+t9)*F2A[t]

(A[t] denotes the A[t] corresponding to RH,y, x4+1) and Res(Ay) = 25(6 + 1)Aq—.
Now, A[t] restricts to (14 #)2**1A[t] in RSpin(2¢)[t], and from 3] we have that

Reso(At]) = (1 +t0)Aft] and Ress(Aft]) = Aft] € RSpin(2c¢)[t]. Hence
9) Res(A[t]) = A'[t] = (1 + t0)*A[t].
The element A,, € RSpin(2n + 1) restricts to 2°A, € RSpin(2c). But Ress(A.)

= A, and Reso(A;) = (1+6)A._1. Hence,
(10) Res(A,,) = 2°A..
From and we have

Proposition 7. Form =2n+1, k =2s+ 1, Res:RSpin(2n+ 1) — RH 1is given
by

Res(Aft]) = A'[t] = (14 t0)*A[t],
Res(A,) = 2°A,.

6. THE HODGKIN SPECTRAL SEQUENCE

6.1. The theorem. Let G be a compact, connected Lie group with 71 (G) torsion-
free and H a closed subgroup of G. The Hodgkin spectral sequence calculates the
complex K-theory of G/H in terms of RG and RH. The result is the following (cf.
[10], [12]).

Theorem 3. Given G and H as above, there is a strongly convergent sequence
E.(G/H) with the following three properties:

(i) As an algebra, E5(G/H) = Tor%,(RH; Z),

(ii) The differential d, : EP~" — EP is zero for r even,
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(i) EX (G/H) is the graded algebra associated to a megative filtration of
K*(G/H) compatible with its multiplication

FPK* @ FIK* — FPHK*,

FPK* = F ,K* = F?K° @ F?HK.

Notes: 1. RG, RH and R{1} = Z are trivially Z/2-graded by R® = R and R' = 0.

2. If Toryo(RH, Z) is generated as an algebra by its elements of degree < 2,
then the Hodgkin spectral sequence collapses. Hence in this case we have two
isomorphisms

EY° = RH @pg Z = B = R K°,

E2—1,0 _ TO?”E%;(RH;Z) N EO—OLO = F_lK—l.

6.2. Some consequences. Let G and H be as above, and let Res: RG — RH be
the homomorphism induced by inclusion.

As before, e : RG — R{1} = Z is the augmentation which assigns to each repre-
sentation its dimension. We will suppose that RG = Z[y1,- -+ ,¥n] with eg(vi) =0,
i=1,---,n (if eg(y:) # 0 we take %; = v; — e¢(v:)), and RH is generated by
hi,...;hm with eg(h;) =0,7=1,--- ,m.

Let T' = Z[y1, -+ ,%],1 < r < m. We state the following straightforward
applications of the change of rings theorem and Koszul resolution (cf. [B] and [12]):

1. If RH is a free (or more generally flat) I'-module and Res(y;) = hi,i =
1,---,r, it follows that Torfo(RH; Z) = Tor’(B; Z), where
AZRG/(’YI;"'?’YT); B:RH/(hlvahr)

and the A-module structure of B (which we call Res/A, or Res by a small
abuse of notation) is induced by Res.

2. If 71,---,7s € A and (Res/A)(r;) = 0,1 < i < s, then, setting A" =
A/(r1,-++,7s), B is an A’-module via Res/A and

Tory(B; Z) = Ay[t1, -+ ,ts) @ Tor’y, (B; Z),

where A% [t1,- - ,ts] denotes the graded exterior algebra with generators ¢; of
degree 1,
3. If RH is a trivial RG-module, then

Torpra(RH; Z) = Apalty, - tnl,

where t1,- -+ ,t, are of degree 1.

7. THE COMPLEX K-THEORY OF X,,  FOR mk EVEN

Now that RH and the restriction Res:RSpin(m) — RH are known, we are in
position to determine K*(X,, ) for mk even. To do this we must determine the
structure of the ring B defined in @], as well as the restriction A — B, so as to be
able to apply the Koszul resolution.
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7.1. Structure of B. From §Hlrelations [2), and [(7)] (cases where mk

is even), we see that «, .-, 7, can be taken as generators for RH,, j instead of
71, -, Te. Since Res(m;) =n},i=1,---,cand RH is a free Z[m,--- ,m.]-module
it follows from (1) that

(11) Torpspin(m)(RH; Z) ~ Tor (B; Z),

where

A:Rspin(m)/(ﬂlv'”vﬂ-C)v B:RH/(Wll, 7'(',)

» e

(unfortunately, for m and k both odd RH is not a free Z[A1,- -+, Ac]-module).

The homomorphism Res induces an algebra homomorphism Res/A : A — B
that makes B an A-algebra. While A is still a polynomial algebra (on ¢ fewer
generators), the structure of B is more complicated as we now see.

From g5 and we have

o) (T4 2ty) o[t (m=2n+1),
(12) = {(1 voty)raly]  (mo=2n),

where u = t(1 4+ y)/(1 + 2ty).
Now 7; = 0 for ¢ > ¢, and in B, we have 7, = 0 for 1 < ¢ < ¢ (7, = 1). So, for
1<i<¢, in B we have:

il = {Tc(l +oty) =t (m=2n+1),

(13) Te(1 4 2ty)" (m = 2n),

where T, is truncation defined by T.(>",5 ait’) = > ;_ a;t'. Thus,

1)¢ 1 221 1 )
(14) T = {(—(33”.—152)21 1y v 1<i<e,

(2

recalling that y? = —2y and the well known identity (7°*) = (=1)*(**'"") (cf. [8]).
Substituting u for ¢ in the second equation of |(12)[and using|(4), we get

(15) 7'[t] = (1 + 2ty)" g (?) (2uy)".
We write f(t) for f(—t/(1 +t)). Observe that fg = f gand f+g = f +
Then, f(2uy) = f(2ty). Hence 7'[t] = F(2ty), where F(t) = (1 + )" T.(1 + t)".

Lemma 6. With the above notation
() A+ Te(1+1)7° = (1 +)"Te(1 + )",
(ii) (140 Te(1+ 1)~ = (=1)° i (D) ()8
Proof. Fix s > 0. Both results are proved by induction on ¢ starting with ¢ = 0

where both sides of the equations are (1 + ¢)®, since ¢ = 0 implies n = s. The
inductive steps in (i) and (ii) are obtained by using the elementary identities:

()-0(L) (-l
00-0)0)
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valid for all ¢, j and n > 0 (see [8]). Specifically, for (i) the inductive step is
L+ )" T (L + )+ = (L) T (1 + )"
=1+ LA+ = 1+ )Te(1+y)")

= (14t (C—Til- 1) tetl (since tTe(f) = Teq1(tf))

= (L+t)"*! (CZ 1) <1_—+tt>c+l

- (ci 1) (=G (cfl)te+1
() T (1407 — (L T4+ 0),

whereas for (i) the inductive step is: consider

oS () () () ()

=

Using the elementary identities above we have

()0 () () = () (- 2)

which is equal to the coefficient of ' in (=1)“**( 37) (1 +#)*t“T". O

Applying Lemma [l to the expression [(15)] for #’[¢] for m even and for m
odd, we conclude that in B, for m even or odd,

Lo  — 1
(16) 7l = (—1)etlFig2i-1 (”) (Z )y i>ec.
1 &

In addition to this explicit formula for 7}, i > ¢, it is important to establish
certain linear relations among these w,. We do this next.
Since 7; = 0,7 > ¢, from |(12)| we see that for ¢ > ¢

0="> = (?:j) (1+y) (29)"

J=0

= <’Z> (2y)" + 0't; + i <77_7 >9j (2y)" 7.

j=c+1 t=J

(17)

Substituting in we get

i—1 .
r_o2im1, [T =7\ 92(i-5).,
(18) m =2 y<z> Z (i—j)2 ;.
j=c+1
Now, by substituting the values of 7; given in in the relations for 62, x? and
618, from Theorem ] and using elementary binomial identities (see [8] for exam-
ple) we get the relations

221y [1+ (—=1)*~1(".")] (m=2n),

c

(19) 5c + 2C+ (50 = {2261:’/ [1 + (_1)571(2)] (m =2n + ]_)7
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_ B o1 (M
(20) Y= (6F -6 )2 =0"7. = (-1)° Lg2e 1y(c) (m even, k even),

-1
Z_ 1)] (m even, k even),

From (I8) and é. = 6 + &, it follows trivially that
n—1

(22) 6.0 =223y [1 +(-1)* (C .

The ring structure of B is thus given by

(21) 6Fo; 420716, = 2%¢73y [1 + (—1)3(
)] — 2715, 4 (67)? (m even, k even).

Proposition 8. Let L = [1 + (—1)3_1([(’”701)/2])} and M = [1 + (—1)3(2:11)} .
(i) For m — k odd, as an abelian group
BrZ®Zyd Zo.® Zdoy

with multiplication given by the table

Yy e
y | —2y 0cy
0 | Oy | 2716, + 22Ty L

As a ring, B =~ Z[5.,y]/1, where I is the ideal generated by y*+2y and 5242116, —
226_1yL.
(ii) For m and k both even

BrZOZy® Zo.® 257 © Zoy® Z5Ty® Z(6T)> @ Z(57)%y

with multiplication given by the table

Yy de 52_
y | -2y Yoc Yo,
5C yéc —20+150 + 220—1yL _2c—160 + 220—3yM + (52—)2
o | yor | —2°710. + 2% Py M + (67)? (00)°

or, B ~ Z[y,0.,0F]/J, where J is the ideal generated by y* + 2y, §2 + 2715, —
221y and 6.6 + 2715, — 22¢73yM — (61)2.

Remark 3. The remaing products, with (62)? and y(2) are easily deduced in terms
of the abelian group generators for B using the products given above.

7.2. Structure of A. Asfor A, from relation (I6) (and proceeding as in [2]), we can
choose a new basis for A, namely 71, -+, Ts_3, p1, p2, p3, such that Res(r;) =0, i =
1,--+,s—=3, and, for m = 2n 4+ 1 and k = 2s, Res(p1) = 0, Res(p2) = Res(dy),
Res(ps) = by, while for m = 2n and k = 2s or 2s — 1, Res(p1) = Res(xn),
Res(p2) = Res(67), Res(ps) = by.

In both cases b = g.c.d.{2*7'("), i = ¢+ 1,---,[m/2] — 2}, and we remind
the reader that the formulae for Res(d,), Res(xx), and Res(d,}) were given in §F
Hence, from [6:2(2) we have, for m = 2n,

(23) Tory(B; Z) m~ AG[t1,- - ,ts—3] @z Tor’y, (B; Z)
with dimt; =1,i=1,---,s—3,and A’ = A/(m1, - ,7s—3), while, for m =2n+1,
(24) Tory(B; Z) ~ Ag[t1, - ,ts—2]| @z Tory,(B; Z)

with dimt; =1, i=1,---,s—2,and A" = A/(71,- -+ , Ts—3, P1)-
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7.3. K*(X) for mk even. We treat separately the three cases m even, m odd
k even and, m odd k odd, noting that in all cases A, A’, and A” are polynomial
algebras so that the Koszul resolution is applicable.

7.3.1. m even. Tor%,(B; Z) is the homology of the Koszul complex A% (z1,x2,z3),
where d(z;) = Res(p;), i = 1,2,3. As in [2], we take a new basis uq,us,us for
A (21, 22, 73) with d(ug) = 2%, 2% = g.c.d.{2" "1, b}; d(uz2) = 2°715,.; and d(u3) =
0. Hence for k =2s—1

(25) Tory/(B; Z) = Ay[z1, 22, 23, 24] @ Z[y, 6]/1,
and for k = 2s
(26) TOTE/(B; Z) ~ A*Z[’zl; 22,23, 24] & Z[yv 60; 5:]/‘]

with y, d. and §F of degree 0 and, 21, 29, 23, 24 of degree 1 given by, z1 = (y + 2)us,
29 = =227 Ly + (e + 29T ug, 24 = =256 uy + 29 "yug and 23 = ug.

For k = 2s—1, I is the ideal generated by: y?+2y; §2+2t15, —22¢= 1y L; 25716,
2%y: (y+2)z4— 2571776, 21; 2724, where r = min{a, s — 1}; 21y; 2124; 22245 2200 —
22— ltr—af v and 0.4 + 2°1T 2y — 29 Ty 20,

For k = 2s, J is the ideal generated by the same elements given in I and the
element 6.0 + 26716, — 22¢73y M — (61)2.

Therefore we have

Theorem 4. The Hodgkin spectral sequence for Xa, 1 collapses, and so, as graded
algebras,

K*(XQn,Zsfl) ~ Az[tlv T ;tsf?n 21y %2, 23, 2:4] & Z[yv 60]/-[;
K*(X2n,2s) ~ A*Z[tlv T ;tsf?n 21y %2, 23, 2:4] & Z[yv 60; 52_]/Ja

where I and J are the ideals generated by the above elements, except that z1z4 and
zozy are replaced by z1z4 + N, zoz4+ p, for some N\, p € Z |y, 0. if k odd, or by
A, € Z [y,0c,07] if k even.

Proof. This follows from[(11)} (X), @3), @4), @) (or 8) for k = 2s), Theorem

[0 Note 2 of §fl and §6 of [2]. As for the elements z;z4, ¢ = 1,2, they are in
Tor? = Ey° = F2/F°. Since zjzy = 0 in Tor*, we have zz, € FO(K*) ¢ K°.
Hence, in K°, ziz4 = aiy + bi0e + cibey, ai,bisci € Z, i = 1,2 for k = 25 — 1
(similarly for k& even with the extra terms added). O

7.3.2. m odd, k even. Tor%,(B;Z) is the homology of the Koszul complex
A5 (z1,22):

0—B-—B&B--B—0

where d(x1) = Res(pz) = by and d(x3) = Res(5,) = 25712 + y)d. + 2" 1y.
Then, in Tor%, (B; Z) we have by = 0 and 2°7!(2 + y)d. + 2" "'y = 0. Hence, by
multiplying the second equation by y, it follows that 2"y = 0. Thus 2%y = 0, where
2% = g.c.d.{2™, b}.

For ¢ > 1, H;(A%) may be computed by hand or using a suitable software such
as Maple (Maple V Release 4, Waterloo Maple Inc., June 1996, Grébner package).
A set of generators of Hy is, z1 = (=277 — 2771775 )y + (2F177h + 27706, ) 2,
r=min{n—1,c+ 1}, 20 = (2 + y)z1, and z3 = 2" %z + 27 *byzs.
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From this and by calculating H;,7 > 1 from the Koszul resolution, it is not hard
to verify that as graded algebras

(27) Tory-(B; Z) = Ay |z1, 22, 23] @ Z[y, 0] /I
with 21,29, z3 of degree 1, y and J. of degree 0, and I the ideal generated by
Y? 4 2y; 20235 y2®; 02 + 20710, — 227y Ly 2%; 25712 4 y)dc + 27 y; zazs; 27002
+ 226727 Ly zas 2T yzy + 27 1020 + 29(2% — 6c)23; —2" Y20 + (2 4 y)23; 2%%23 —
(27t 4 25716,) 2g.

Hence we have

Theorem 5. The Hodgkin spectral sequence for Xopi1.2s collapses, and so, as
graded algebras,

K*(Xont1,2s) = A1, - te—2, 21,22, 23] ® Z[y, 0] /1,
where I is the ideal generated by the elements listed in

Remark 4. The element y + 1 € K*(X,, 1) can be identified with the complexified
Hopf bundle ¢, 1, over X, i (see [2]). Then it follows from the preceding results
that for mk even the order of c&, i is

20‘("7"]“) = g.C.d. {2[(m1)/2]7 221‘71 (?); 1=c+ 17 Ty [(m - 3)/2]} '

8. K*(X,n, k) FOR mk ODD

When mk is odd, various things go wrong. First, the Pontrjagin classes do not
make sense, so we are obliged to work with the exterior powers \; = A — (216)
instead (recalling that we are writting A[t] for the A[t] corresponding to RH,, x[t]
in order to distinguish the A[t] in RSpin(2n + 1)[t]). Second, there is the more
serious problem that RH is no longer a free Z[A1,- -, AJ-module, so that change
of rings cannot be used.

We shall therefore content ourselves with calculating K°(X,, x) and, in particu-
lar, the order of y and 6. in K*(X,, ). The relevant complex is ALy [z1,-- -, 2n),
which is given by

OHA%H(xla"' 7xn)_)"'_)A}%H(x1a"' axn)HA(I)%H(xlv"' axn):RHa

where d(z;) = Res(\;) = A, (0 < i < n) and d(z,) = Res(d,) = 2°.. Then, since
Ho(A%y) = RH/Imd, we have

HO(A}K%H) - Z[)\h e 7)\0—17 565 y]/( I17 e 7)‘%—15 285&92 + 2y) y(sc + 2Cy)
In RH we have, recalling Lemma[ll, Cor. [, and &3} Cor. [, that N = A%
for all j and A® = AZ — (14 6)(1 + A"+ ...+ A°"!) (Theorem ). Also note that

yA. =0 —-1)A. =A. —A.=0.
Let N[t] = A'[t] — (L+¢)*"1 = 37, g Nit* (X, = x;N'[t], where x; stands for

“coefficient of ¢*” as usual). Using this and applying we have
N[t] = (1 +1t0)>TH(A[t] - f(1)),
where f(t) = F(0,t), with (by definition)

(1 + t)2n+1
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Thus
(28) xi(14+t0) 727N [t] = xu(Aft] — f(t) = A — xif(t), i>0.

Now in Ho(A%g) we have N} = 0, 0 < i < n. Since x;(1 + t0)72*"IN[t] is a
Z[0)-linear combination of Aj,--- , Al _;, from [(28)] we have

(29) A —xf(t)=0, O<i<n.

But in RH, A= HKki, i > 0. Substituting this in we have, in Ho(Agp),
(30) (Xewi = Oxe—i) f(1) =0, i=0.

In particular,
(31) yXcf (t) = 0.

Our next objective is to replace the relations and by the single relation

by, where
b—g.c.d.{220<n>, 22"_1(7?), i=c+1,--- ,n—l}.
c i

For i > 0, (Xet+i — 2Xe—i)F(2,t) is a polynomial, h;(z), say. Clearly, h;(1) =
(Xeti — Xe—i)(1 + t)%¢ = (fji) - (f_cz) = 0. Since h;(1) = h;(—1) modulo 2 and

6% =1,
i(6) = 3 (ha() + hi(=1) + 5 (ha(1) — (1))
- 1%%(1) + 1—;0hi(—1) —0- %yhi(—l)

2s+1
Now hi(—1) = (Xeti + Ye_i) Fac Where Fy o = (1 +£)2 (}—f;) Tt follows that
yxef(t) = (0 = D)xef(t) = —(1 — O)x.F(0,1)

1
= _(XC - QXC)F(gvt) = _hO(Q) = §yh0(_]—) - chFs,ca

and also

(Xeri = 0D (6) = Pu(8) = = Zyhi(—1) = =5 (s + Xe i) o

Lemma 7. With the above notation,

(i) xcFs.c= QQC(SJCFC), alls >0, allc > 0.

(11) For all i > 0 we have (Xc+i + Xe—i)Fs.c = Xet+iF's,c+i — (zil)XCFs,c + Z-linear
combination of (Xetj 4+ Xe—j)Fs.e (0 < j <1i).

Proof. (i) By induction on n = s + ¢ starting with n = 0 and using
(@) XcFs,e = XeFs—1,c +4Xc—1Fs,c—1 (this follows from Fy . — Fs_y . = 4tF5 ._1),
b) xoFs0 =1, all s >0,

(b)
(€) xcFo.e = Xe (%) = 22¢ Ve > 0 (this follows using %_t = Eizo th).
11 e have, tor ¢« > 0,
(ii) We h fori >0
. A 2:\ . 2\ o
(1+6)% =142 + ( ,Z>tl + 3 < .Z>t3 (14+22070).
7 ~ . \J
0<j<i

Hence (Xeti + Xe—i)Fs.c = Xeti(1+ t*)Fy . and the result follows. O
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From the lemma we deduce (respectively from (i), (ii))

Loyxef =2%(*1)y. | ‘ ‘

2. Fori > 0, 4h;(—1) = 22(ctD=1(stet) _ 1 (20)92¢(5+¢) 4 Z Jinear combination
of 2h;(—1) (0 < j <1).

An easy inductive argument (using Pascal’s triangle) now shows that

g.cd. {226<s JCF C) , %hi(—l) O<i<n-— c)}

— ged. {22“<s * C) , 22(cH+i)—1 <S * ?) O<i<n-— c)} .
c c+1

Writing b for this, we conclude that the relations yx.f(t), (Xe+i — Oxc—i)f(t) (0 <
i < n — c¢) may be replaced by the single relation by. -
The next item on the agenda is the relation involving A2 . In Hy(A% ) we have

(32) A2=(140)(1+A +--+A )+ &
=140 +x14 -+ xc1) () + xf(1).
But

1+t )28—‘,-1

1+ 0)xaf(t) = xa(1+0)f(t) = xi(1 + 0) (1 +1)* (m
= xi(1+0)(1+1)*

since 6(1 + 0) = (1 + 0) and using the binomial theorem. Substituting this in the
relation [(32)] for A%, we have
(33) A= (0@ X1+ xe) (8 + xef ()

c—1

—+0) Y (%) + s =g |2 (3| s

i=0
Now

Xof = o F(6,) = xe (F(Lt) +2F(—1,t)) © oy, (F(l,t) —2F(—1,t))

=5 ()= () 3 ((2)-=())

(using Lemma [T for F(—1,t)). Hence from[(33)|in Ho(A%) we have
A2 = 921y {1 _ (Z)] 492

53 + 264’156 — 22671y |:1 _ (n>:| .

c

or, equivalently,

Thus,
K*(Xom,1) = Z[Ac, 9]/ (4* + 2y, Acy, 2°6c, by, AZ = D),
where D = 2%¢ 4 22¢71 {1 — (")} y.
Let R be the ring Z[y]/(y? + 2y, by). Then
K°(Xpmx) = RIA]/ (YA, 2°0:, A2 = D).
An easy calculation shows that R = Z & Zyy (Zp being Z/b).
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Consider the inclusion R + RA. in R[A.]. This induces an epimorphism R +
RA. — K°X,,1) (because of the relations yA., A2 — D). Now ro + r1 A, lies in
the kernel if and only if 7o + 1A, = FyA. + G(2°A. — 2") + H(A? — D), where
70,1 € Rand F,G, H € R[A.]. Writing F' = Fy(A2) + A F; (A?2) and similarly for

G (note that any F, G € R[A.] can be written this way), we see that the expression
(Fo(A2) + AcF1(AD)) Acy + (Go(A7) + AcGr(AD)) (2°Ac — 27)
—{Fy(D)A.y + DFy(D)y + 2°Go(D)A. — 2"A.G1(D) — 2"Go(D) + 2°DG1 (D)}

is divisible by A2 — D. Thus, for a suitable choice of H,
ro +r1Ac = Fo(D)Acy + Go(D) {2°A. — 2"} + G1(D) {2°D — 2"A.}

(here we used the fact that Dy = 0 in R, which follows easily from by = 0).

Now Fy(D), Go(D), Gi(D) are arbitrary elements of R. Hence the kernel
above is generated over Z by A.y, A.y?, 25A, — 2", 25A.y — 2™y, 2°D — 2"A,
and 2°Dy — 2" Ay, or, equivalently, by A.y, 2°6., 2"y, 25D — 2"A,, that is, by
Acy, 2°0c, 2"y, 257271 {1 — (M) }y = 27T 11 — (7)]y. But the last term is zero
even if s = 0 (for then () = 1). Thus,

K%(Xmp) = (R+RA)/(2°0, Acy,2"y) = (R + ZA.)/(2°6c,2"y)
= (Z+ Zyy+ Z6.)/(2°6.,2"y) = Z + Zaay + Zas0,,

2% = g.c.d. {2”; 22¢ (n), 22(C+i)_1< " ,), 0<i<n-— c} .
c cC+1

Furthermore, y* = —2y, yd. = —2°%, and 62 = —2°T15, 4 2271 [1 — (7)]y.

We end by observing that:

1. The generators occurring in Theorems@dland Blmay be described geometrically
via the a and @ constructions, as in [10] and [12].

2. Using the Gysin sequence, K*(Xo,. 25) may be deduced from K*(Xo, 25-1)
as in [7], but K*(Xap41,2s+1) cannot be similarly deduced, as Xay41,25+1 is non-
orientable.

3. In the special cases Xo,.9,—1 = PO(2n) and X,,1 = RP™ ! these results
reduce to those of [9], [I0] and [1]. For X4, 2r—1 they agree with [2].

where
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