
TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 352, Number 7, Pages 3189–3209
S 0002-9947(00)02614-3
Article electronically published on March 27, 2000

K-THEORY OF PROJECTIVE STIEFEL MANIFOLDS

NELZA E. BARUFATTI AND DEREK HACON

Abstract. Using the Hodgkin spectral sequence we calculate K∗(Xm,k), the
complex K-theory of the projective Stiefel manifold Xm,k , for mk even. For

mk odd, we are only able to calculate K0(Xm,k), but this is sufficient to
determine the order of the complexified Hopf bundle over Xm,k .

1. Introduction

In this paper we extend the calculation of K∗(Xm,k), the complex K-theory ring
of projective Stiefel manifolds, begun by Antoniano, Gitler, Ucci and Zvengrowski
in [2]. Prior to the appearance of [2], K∗(Xm,k) had been calculated for the real
projective spaces Xm,1 ([1]) and projective orthogonal groups ([9]).

The work of Hodgkin [10], Roux [12] and, subsequently, Antoniano, Gitler, Ucci
and Zvengrowski [2] emphasized the importance of the Hodgkin spectral sequence
in calculating K∗(G/H) where G is a compact Lie group with π1(G) torsion free.
Hodgkin laid the foundations for later work on the K-theory of homogeneous spaces
and showed how to calculate K∗(G/H) in various cases of interest. In [12] Roux
dealt with the case of Stiefel manifolds viewed as Spin(m)/Spin(m− k) (see also
[7]). For the projective Stiefel manifolds X4n,2s−1, the case treated in [2], the
subgroup H of Spin(4n) is isomorphic to the group Z/2× Spin(4n− 2s+ 1).

In the general case considered in the present article Xm,k = Spin(m)/H , where
H contains Spin(m−k) as a subgroup of index two but in general is not a product.
To calculate K∗(Xm,k) the representation ring RH is computed (§4, Theorem 2)
together with the restriction homomorphism RSpin(m) → RH . From this it can
be deduced that the Hodgkin spectral sequence collapses (§7, Theorems 4 and 5)
when mk is even.

An important application is that the order of the complexified Hopf bundle
associated to the double covering Vm,k → Xm,k may be calculated for all m and
k (this order has been obtained in [2] only for m = 4n). Consequently, non-
immersion results for projective Stiefel manifolds may be deduced as in [3], as well
as alternative (somewhat shorter) proofs for the non-parallelizability results of [2].

2. Projective Stiefel manifolds as homogeneous spaces

The projective Stiefel manifold Xm,k is the quotient of the Stiefel manifold
Vm,k (of orthonormal k-frames in Rm) by the involution which takes a k-frame
{v1, · · · , vk} to its opposite {−v1, · · · ,−vk}. For 1 ≤ k < m, which we hence-
forth assume, the special orthogonal group SO(m) acts transitively on Xm,k with
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isotropy subgroup Km,k consisting of all matrices of SO(m) of the form ±I ⊕ A,
where I = Ik is the (k × k) identity matrix and A ∈ O(m− k).

Let p :Spin(m)→ SO(m) be the 2-fold covering map. Then

Xm,k = Spin(m)/Hm,k,

where Hm,k = p−1(Km,k) and Spin(m − k) a subgroup of index 2 of Hm,k, is
generated in the Clifford algebra by the last (m− k) vectors of the canonical basis
{e1, · · · , em} of Rm. We have the commutative diagram

Spin(m− k − 1) //

��

Hm,k+1 //

��

Spin(m)d // Xm,k+1

��

Spin(m− k) //

p

��

Hm,k //

p

��

Spin(m) //

p

��

Xm,kd

SO(m− k) // Km,k // SO(m) // Xm,k

The manifolds Xm,k and Xm,k+1 are related as follows: if Spin(m)/Hm,k+1 is
the corresponding expression for Xm,k+1, then Hm,k+1 ⊂ Hm,k and Spin(m− k)∩
Hm,k+1 = Spin(m− k − 1).

The following description of Hm,k will be useful. Let ω be an element of Hm,k

that is not contained in Spin(m−k), so that Hm,k = Spin(m−k)tωSpin(m−k).
If at least one of m or k is even, ω can be chosen to lie in the center of Hm,k . In
the Clifford algebra, we choose ω = e1 · · · em if m is even, and ω = e1 · · · ek if k is
even and m odd. Note that ω2 = ±1, depending on the values of m and k mod 4.
In general

(e1 · · · er)2 =

{
+1 if r ≡ 0, 3 (mod 4),
−1 if r ≡ 1, 2 (mod 4).

Let Ω be the subgroup of Hm,k generated by ω. If ω2 = +1 , then Ω = Z/2 and
Hm,k ≈ Ω × Spin(m− k). If both m and k are odd, ω cannot be chosen to lie in
the center of Hm,k, and in this case we will choose ω = e1 · · · ek+1 . Then ω lies in
the center of Hm,k+1, and ω2 = ±1 .

3. The complex representation ring RSpin(m)

Next we summarize the necessary facts on the complex representation ring of
Spin(m) from [4] and [11].

Let m = 2n or 2n+ 1, and write T n for the n-fold product S1 × · · · × S1, where
S1 stands as usual for the circle group in the complex plane.

Let zi be the character given by projection of T n onto the ith factor. Then

RT n = Z[z1, z
−1
1 , · · · , zn, z−1

n ].

Let τ : T n → Spin(m) be the homomorphism given by

τ(eiθ1 , · · · , eiθn) = (cos θ1 + e1e2 sin θ1) . . . (cos θn + e2n−1e2n sin θn)

(product in the Clifford algebra). Then τ maps T n onto the maximal torus T (n)
of Spin(m). Clearly τ(z1, · · · , zn) = ±1 if and only if each zi = ±1, so τ covers its
image 2n−1 times.
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In RSpin(m)[t] we define

Λ[t] =
m∑
i=0

tiΛi = (1 + t)ε
n∏
i=1

(1 + tz2
i )(1 + tz−2

i )

(where ε = 0 for m = 2n and ε = 1 for m = 2n+ 1), and

∆n[t] =
n∏
i=1

(zi + tz−1
i ).

Λ[t] is the character of the total exterior power representation which factors through
the double cover Spin(m)→ SO(m). As for ∆n[t], putting t = 1, we have the spin-
representation ∆n in RSpin(2n+ 1) and the sum of the half-spin representations
∆+
n + ∆−n = ∆n in RSpin(2n) with

2ε∆2
n = 2ε

n∏
i=1

(zi + z−1
i )2 = 2ε

n∏
i=1

(1 + z2
i )(1 + z−2

i ) = Λ[1].

Putting t = −1, we have χ = ∆+
n −∆−n in RSpin(2n).

Let ε : RSpin(m)→ Z be the augmentation which assigns to each representation
its dimension, so that ε(Λi) =

(
m
i

)
, ε(∆n) = 2n, ε(∆±n ) = 2n−1. Later on, when

working with the Koszul resolution, it will be preferable to replace the exterior
powers by the augmentation zero K-Pontrjagin classes

π[t] =
∑
i≥0

tiπi =
n∏
i=1

(1 + t(zi − z−1
i )2).

Note that tn is the highest power of t occurring in this product; so πi = 0 for i > n.
One has

Λ[t] = (1 + t)m
n∏
i=1

(
1 + (zi − z−1

i )2 t

(1 + t)2

)
= (1 + t)mπ

[
t

(1 + t)2

]
.

Let δn = ∆n − 2n and δ±n = ∆±n − 2n−1. We have (see [4] and [11])

Theorem 1. With the above notation,
(i) RSpin(2n + 1) is the polynomial ring Z[Λ1, · · · ,Λn−1,∆n] and is also the

polynomial ring Z[π1, · · · , πn−1, δn]. One has

∆2
n = Λn + Λn−1 + · · ·+ Λ1 + 1 = πn + 4πn−1 + 16πn−2 + · · ·+ 22n.

(ii) RSpin(2n) is the polynomial ring Z[Λ1, · · · ,Λn−2,∆+
n ,∆−n ] and is also the

polynomial ring Z[π1, · · · , πn−2, δ
+
n , δ

−
n ] = Z[π1, · · · , πn−2, χ, δ

+
n ]. One has

∆2
n = πn + 4πn−1 + 16πn−2 + · · ·+ 22n,∆+

n∆−n = Λn−1 + Λn−3 + Λn−5 + ...

and χ2 = πn.
(iii) Restriction Res : RSpin(2n + 1) −→ RSpin(2n) takes Λ[t] to (1 + t)Λ[t],

∆n to ∆+
n + ∆−n , and π[t] to π[t].

(iv) Restriction Res : RSpin(2n) −→ RSpin(2n − 1) takes Λ[t] to (1 + t)Λ[t],
∆±n to ∆n−1, and π[t] to π[t].
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4. The ring RHm,k

Henceforth we shall write H instead of Hm,k when m and k are clear from the
context.

We next calculate RH in terms of RΩ and RSpin(m− k). Recall that m = 2n
or 2n+ 1. We let m− k = 2c or 2c+ 1 and s = n− c. Thus, for m = 2n, k = 2s or
2s−1, whereas, for m = 2n+1 we have k = 2s or 2s+1. Note that c = [(m−k)/2]
always.

4.1. RH for m− k odd. If m = 2n is even, set ω = e1e2 · · · em as in §2 and define
ω̃ ∈ T n to be (i, .(n)., i) . If m = 2n+ 1 is odd (so k = 2s is even), set ω = e1 · · · ek
as in §2 and define ω̃ ∈ T n to be (i, .(s)., i, 1, ..., 1). In each case τ(ω̃) = ω. Let Ω̃
be the subgroup generated by ω̃. Then Ω̃ ≈ Z/4. Since ω lies in the center of H ,
multiplication in H induces an epimorphism Ω̃×Spin (2c+ 1)→ H which extends
the inclusion Spin(2c+ 1) ⊂ H and takes ω̃ to ω, with kernel

K = {(ω̃i, x) :ωi= 1} =

{
{(1, 1), (ω̃2, 1)} if ω2 = 1,
{(1, 1), (ω̃2,−1)} if ω2 = −1.

This induces an inclusion RH ⊂ R(Ω̃× Spin(2c+ 1)) = RΩ̃⊗RSpin(2c+ 1), and
we can identify a representation in RΩ̃ ⊗ RSpin (2c+ 1) as coming from RH if it
is trivial on K.

Now, RΩ̃ = R(Z/4) = Z[φ]/(φ4 = 1), where φ(ω̃) = i, and R(H/Spin(2c+1)) =
R(Z/2) = Z[θ]/(θ2 − 1). The composite Ω̃ τ−→ H −→ H/Spin(2c+ 1) identifies θ
with φ2. When working in R(Ω̃×Spin(2c+1)) we will often drop the symbol ⊗ and
write for example, φ, ρ, φρ instead of φ⊗ 1, 1⊗ ρ, φ⊗ ρ. Note that RH contains
θ coming from H → H/Spin(2c+ 1) as well as the exterior powers Λj = 1 ⊗ Λj,
since Λj(−1) = I. As for ∆c, we have ∆c(−1) = −I. Thus for ω2 = 1 the element
1⊗∆c lies in RH and for ω2 = −1 the element φ⊗∆c lies in RH . In either case,
we refer to this element as ∆̄c (note that ∆̄c = φn ⊗ ∆c when m = 2n, whereas
∆̄c = φs ⊗∆c when m = 2n+ 1 and k = 2s).

Proposition 1. Let be m−k odd (m−k = 2c+1, c ≥ 0). Then RH is the subring
of RΩ̃⊗RSpin(2c+ 1) generated by the elements θ,Λ1, ...,Λc−1 and ∆̄c.

Proof. We have seen above that RH contains the elements listed above. Conversely,
arguing as on p.235 of [4], we prove that RH is the subring fixed by a certain
automorphism of RΩ̃ ⊗ RSpin(2c+ 1). The element (ω̃2, ω2) lies in the center of
Ω̃ ⊗ Spin(2c + 1), and so translation by (ω̃2, ω2) gives rise to a ring involution
(ω̃2, ω2)∗on R(Ω̃ ⊗ Spin(2c + 1)) which takes a typical irreducible representation
ρ to ±ρ, the sign depending on whether ρ(ω̃2, ω2) is ±I . Since (ω̃2, ω2) maps
to 1 in H , this involution fixes RH elementwise and corresponds to (ω̃2)∗ ⊗ (ω2)∗

on RΩ̃ ⊗ RSpin(2c + 1). The latter fixes θ,Λ1, · · · ,Λc−1, ∆̄c and takes φ to −φ.
Hence Fix((ω̃2)∗ ⊗ (ω2)∗) is generated by θ,Λ1, · · · ,Λc−1 and ∆̄c. It follows that
RH = Fix((ω̃2)∗ ⊗ (ω2)∗) and therefore that RH is generated by the elements
listed above.

4.2. RH for m and k both even. There is a similar result when both m and
k are even. In this case ω = e1 · · · em and we define ∆̄+

c and ∆̄−c in RH to be
1⊗∆+

c and 1⊗∆−c respectively if ω2 = +1, and φ⊗∆+
c and φ⊗∆−c respectively

if ω2 = −1.
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Proposition 2. Let m and k both be even (m − k = 2c > 0). Then RH is the
subring of RΩ̃⊗RSpin(2c) generated by θ,Λ1, · · · ,Λc−2, ∆̄+

c and ∆̄−c .

Proof. As before, the elements listed above belong to RH . Conversely, arguing as
in Proposition 1, one has that Fix((ω̃2)∗ ⊗ (ω2)∗) is generated by θ,Λ1, · · · ,Λc−2,
∆̄+
c and ∆̄−c , as we wanted.

4.3. RH for m and k both odd. Let m and k be odd, so that m−k = 2c, c > 0.
In this case Xm,k is not orientable and Hm,k cannot be expressed as a quotient
of Ω̃ × Spin(2c). However RHm,k can be calculated in terms of RSpin(2c) and
RHm,k+1. Since m− (k + 1) = 2c− 1 is odd, RHm,k+1 is known from Proposition
1. The argument we use is based on the calculation of RO(2n) at the end of [4].
Recall that ω is now e1 · · · ek+1 , an element in the center of Hm,k+1 (but not of
Hm,k). There is a commutative diagram of restriction homomorphims

RSpin(2c)
Ress
↗

Res

↘
RHm,k RSpin(2c− 1)

↘
Res0

↗
Res

RHm,k+1

Remark 1. The reason for choosing the subgroups Spin(2c) and Hm,k+1 is that, if
T (c) and T (c−1) are “the” maximal tori of Spin(2c) and Spin(2c−1) respectively,
then T (c) and ΩT (c− 1) = Ω× T (c− 1) are Cartan subgroups of Hm,k contained
in Spin(2c) and Hm,k+1 respectively.

NowHm,k has two connected components and so possesses exactly two conjugacy
classes of Cartan subgroups. From this it follows (see [4]) that the homomorphism

(Ress, Res0) : RHm,k −→ RSpin(2c)⊕RHm,k+1 ⊂ RT (c)⊕R(ΩT (c− 1))

is a monomorphism. We will use the above to calculate RHm,k in terms of genera-
tors and relations. The generators in question are θ,Λ1, · · · ,Λc−1 and ∆̄c, defined
as follows. The element θ comes from Hm,k → Hm,k/Spin(2c), and Λ1, · · · ,Λc−1

are the exterior power coming from Hm,k → Hm,k/±1, where Hm,k/±1 = Km,k ⊃
SO(2c). Finally, ∆̄c is the representation of Hm,k induced from ∆+

c (or equivalently
∆−c ). The elements θ,Λ1, · · · ,Λc−1, ∆̄c of RHm,k restrict to 1,Λ1, · · · ,Λc−1,∆c in
RSpin(2c), and to θ,Λ1 + θΛ0, · · · ,Λc−1 + θΛc−2 and (1 + θ)∆̄c−1 in RHm,k+1

(Lemma 1 below).

Proposition 3. Let m and k both be odd (m−k = 2c > 0). Then RH is generated
by the elements θ,Λ1, · · · ,Λc−1, ∆̄c (defined above), subject only to the relations
θ2 = 1 and θ∆̄c = ∆̄c. Furthermore, Λ2c−i = θΛi and Λ[1] = ∆̄2

c .

Proof. This is divided up into various lemmas.

Lemma 1. Res0(∆̄c) = (1 + θ)∆̄c−1 and Res0(Λi) = Λi + θΛi−1.

Proof. By definition Ress(∆̄c) = ∆+
c + ∆−c , so the restriction of ∆̄c to Spin(2c−1)

is 2∆c−1. From the definition of ∆̄c as an induced representation one has that,
on ΩT (c − 1), trace ∆̄c is zero. But (1 + θ)∆̄c−1 ∈ RHm,k+1 also restricts to
2∆c−1 on RSpin(2c − 1) and has trace zero on ΩT (c − 1). Hence, Res0(∆̄c) =
(1 + θ)∆̄c−1. As for Λi, we have that, on ΩT (c − 1), the trace of Λi is the ith
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symmetric polynomial on z2
1 , z
−2
1 , · · · , z2

c−1, z
−2
c−1, 1 plus the (i − 1)st symmetric

polynomial on z2
1θ, z

−2
1 θ , · · · , z2

c−1θ, z
−2
c−1θ, θ. Hence Res0(Λi) = Λi + θΛi−1.

Corollary 1. In RHm,k one has θ∆̄c = ∆̄c and Λ2c−i = θΛi.

Proof. The first equation follows from the fact that Res0(θ∆̄c) = θ(1 + θ)∆̄c−1 =
Res0(∆̄c) (since θ2 = 1 implies θ (1 + θ) = 1 + θ) and Ress(θ∆̄c) =Ress(∆̄c). The
second equation follows from the fact that Ress(θΛi) = Λi ≈ Λ2c−i = Ress(Λ2c−i)
and Res0(θΛi) = θ(Λi + θΛi−1) = θΛi + Λi−1 ≈ θΛ(2c−1)−i + Λ(2c−1)−(i−1) ≈
Λ2c−i + θΛ2c−i−1 =Res 0(Λ2c−i), so that θΛi ≈ Λ2c−i.

We next identify Ress(RHm,k) and Res0(RHm,k) as fixed rings of certain au-
tomorphisms of RSpin(2c) and RHm,k. To this end, consider the elements ω in
the center of RHm,k+1 and α = ek+1 · · · em in the center of Spin(2c). Then ω
normalizes Spin(2c) and α normalizes Hm,k+1, since α anticommutes with ω.

Let Cω : RSpin(2c)→ RSpin(2c) be the automorphism induced by conjugation
by ω, and similarly for Cα : RHm,k+1 → RHm,k+1. Clearly Cω fixes anything in
the image of Ress, since Cω : RHm,k → RHm,k is the identity. Hence Cω fixes
Λ1, · · · ,Λc−1. As for ∆̄+

c and ∆̄−c , we note that ω normalizes the maximal torus
T (c) of Spin(2c), and so gives rise to Cω : RT (c) → RT (c). It is easy to see that
Cω inverts just one zj (namely zc) and so exchanges ∆+

c and ∆−c .
Turning now to Cα : RHm,k+1 → RHm,k+1, we see that Cα fixes the elements

θ,Λ1, · · · ,Λc−1 and (1 + θ)∆̄c−1 in Res0(RHm,k). Since RHm,k+1 is generated by
θ,Λ1, · · · ,Λc−2 and ∆̄c−1 we need only look at Cα(∆̄c−1).

Lemma 2. Cα(∆̄c−1) = θ∆̄c−1.

Proof. Since α belongs to the center of Spin(2c), it follows that on Spin(2c − 1)
we have Cα(∆̄c−1) = ∆̄c−1 = θ∆̄c−1. And, for h ∈ Spin(2c− 1), we have

Cα(∆̄c−1)(ωh) = ∆̄c−1(α−1ωhα) = ∆̄c−1(−ωh) = ∆̄c−1(−1)∆̄c−1(ωh)

= −∆̄c−1(ωh) = θ(ωh)∆̄c−1(ωh),

proving the lemma.

Let A be the subring of RHm,k generated by θ,Λ1, · · · ,Λc−1 and ∆̄c. Our
objective is to prove (Lemma 4) that RHm,k = A.

Lemma 3. Ress(RHm,k) = Ress(A) and Res0(RHm,k) = Res0(A).

Proof. First, Ress(A) ⊆ Ress(RHm,k) ⊆ Fix(Cω). Conversely, RSpin(2c) =
Z[Λ1, · · · ,Λc−2,∆+

c ,∆
−
c ], and Cω fixes Λ1, · · · ,Λc−2 and swaps ∆+

c and ∆−c . Hence
Fix(Cω) is generated by Λ1, · · · ,Λc−2,∆+

c ∆−c and ∆+
c + ∆−c , i.e., by Λ1, · · · ,Λc−1

and ∆̄c. But the latter all belong to Ress(A). Hence Ress(RHm,k) = Ress(A), as
required.

Next note that, as a Z[θ,Λ1, · · · ,Λc−1]-module, RHm,k+1 is freely generated by
1 and ∆̄c−1 since ∆̄2

c−1 lies in Z[θ,Λ1, · · · ,Λc−1] (cf.§3, Theorem 1(i)). Since Cα
fixes θ,Λ1, · · · ,Λc−1 and sends ∆̄c−1 to θ∆̄c−1 (Lemma 2), it follows that Fix(Cα)
is generated by θ,Λ1, · · · ,Λc−1 and (1 + θ)∆̄c−1 . Since θ and Λi + θΛi−1 both lie
in Res0(RHm,k), so does Λi. Hence Res0(RH) = Res0(A).

Lemma 4. A = RHm,k



K-THEORY OF PROJECTIVE STIEFEL MANIFOLDS 3195

Proof. Let x ∈ RHm,k. By Lemma 3 there exists y ∈ A such that Ress(x) =
Ress(y). So we may assume that Ress(x) = 0. Now consider Res0(x). It belongs
to Res0(RHm,k) which by Lemmas 1 and 3 is generated by θ,Λ1, · · · ,Λc−1 and
(1 + θ)∆̄c−1. Since ((1 + θ)∆̄c−1)2 ∈ Z[θ,Λ1, · · · ,Λc−1], we may write Res0(x) in
the form a+ bθ+ (1 + θ)d∆̄c−1, where a, b, d ∈ Z[Λ1, · · · ,Λc−1]. But ResRes0(x) =
ResRess(x) = 0 (where in both cases Res stands for “restriction to Spin(2c− 1)”).
Hence a+ b+2d∆c−1 = 0 in RSpin(2c−1). Now RSpin(2c−1) = Z[Λ1, · · · ,Λc−2,
∆c−1] is freely generated over Z[Λ1, · · · ,Λc−1] by 1 and ∆c−1. It follows that
a+ b = 0 and d = 0. Thus, Res0(x) = (1− θ)a. Now, Res0 : RHm,k −→ RHm,k+1

sends Λ1, · · · ,Λc−1 to Λ1 + θ, · · · ,Λc−1 + θΛc−2 and hence sends (1 − θ)Λ1, · · · to
(1 − θ)(Λ1 + θ), · · · , which is to say (1 − θ)(Λ1 − 1), · · · , since θ2 = 1. Thus Res0

sends (1 − θ)ã (where ã = ã(Λ1, · · · ,Λc−1) in RHm,k) into (1 − θ)ã(Λ1 − 1, · · · ,
Λc−1−Λc−2). Now ã may be chosen so that Res0((1− θ)ã) = (1− θ)a. But clearly
Ress((1−θ)ã) = 0. Recalling that Ress(x) = 0, we conclude that x = (1−θ)ã, since
both restrict to the same elements in RSpin(2c) and RHm,k+1. Thus RHm,k = A,
since (1− θ)ã ∈ A.

Finally we determine the relations in RH .

Lemma 5. All relations among θ,Λ1, · · · ,Λc−1 and ∆̄c in RH are consequences
of θ2 = 1 and θ∆̄c = ∆̄c.

Proof. We know that θ2 = 1, θ∆̄c = ∆̄c and θΛi = Λ2c−i do hold in RH (Corollary
1). Suppose we have a relation among θ,Λ1, · · · ,Λc−1,and ∆̄c. Using θ2 = 1 and
θ∆̄c = ∆̄c we may write this as f(∆̄c) + aθ = 0, where f ∈ Z[Λ1, · · · ,Λc−1][x] and
a ∈ Z[Λ1, · · · ,Λc−1]. Then 0 = Ress(0) = f(∆̄c) + a. But Λ1, · · · ,Λc−1,∆c are
algebraically independent in RSpin(2c). Thus f(x) = −a in Z[Λ1, · · · ,Λc−1][x].
So, the relation is (1− θ)a = 0. But then 0 = Res0(0) = (1 − θ)Res0(a). Now a is
a polynomial in Λ1, · · · ,Λc−1 and as above

(1 − θ)Res0(a) = (1− θ)a(Λ1 − 1, · · · ,Λc−1 − Λc−2).

By Proposition 1, we have a(Λ1 − 1, · · · ,Λc−1 − Λc−2) = 0. Since Λ1, · · · ,Λc−1

are polynomial generators of Z[Λ1, · · · ,Λc−1], as are Λ1 − 1, · · · ,Λc−1 − Λc−2, we
may conclude that a = 0. So, all relations follow from θ2 = 1 and θ∆̄c = ∆̄c. This
proves Lemma 5.

This also concludes the proof of Proposition 3.

We collect the above results on the structure of RH in Theorem 2 below. In the
case mk even, it will be convenient to introduce Pontrjagin classes in RH analogous
to the ones in RSpin(m). The easiest way to do this is to note that, in Proposition
1, the generators Λ1, · · · ,Λc−1, θ, and ∆̄c may be replaced by π1, · · · , πc−1, y =
θ − 1, and δc and similarly in Proposition 2, as in §3. When m and k are odd,
Pontrjagin classes are not available; this is one of the reasons why this case turns out
to be much thornier than the rest; but since we will use the Koszul resolution later
on for all cases, we use the augmentation zero classes λi = Λi −

(
2c
i

)
, i = 1, · · · , 2c,

when mk is odd.

Theorem 2. (i) For m−k = 2c+1, c > 0 (k = 2s or k = 2s−1), RH is generated
by θ,Λ1, · · · ,Λc−1 and ∆̄c (or equivalently by y = θ−1, π1, · · · , πc−1, and δc) subject
only to the relation θ2 − 1 (or equivalently y2 + 2y = 0). The element πc is given
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in terms of the generators by

∆̄2
c = θs

c∑
i=o

22(c−i)πi if m is odd,

∆̄2
c = θn

c∑
i=o

22(c−i)πi if m is even.

(ii) For m and k both even (m − k = 2c > 0,m = 2n and k = 2s), RH is
generated by Λ1, · · · ,Λc−2, ∆̄+

c , ∆̄
−
c and θ (or equivalently by π1, · · · , πc−2, δ

+
c , δ

−
c

and y) subject only to the relation θ2 = 1 (equivalently y2 + 2y = 0). The elements
πc and πc−1 are given in terms of the generators by

∆̄2
c = θn

c∑
i=0

22(c−i)πi, ∆̄+
c ∆̄−c = θn

c−1∑
i=0

22(c−1−i)πi,

χ2 = (δ+
c − δ−c )2 = θnπc.

(iii) For m and k both odd (m− k = 2c > 0) RH is generated by θ,Λ1, · · · ,Λc−1

and ∆̄c (equivalently by y, λ1, · · · , λc−1, and δc) subject only to the relations θ2 = 1
and θ∆̄c = ∆̄c (equivalently by y2 + 2y = 0 and δcy = −2cy). The element Λc is
given in terms of the generators by

∆̄2
c = (1 + θ)(1 + Λ1 + ...+ Λc−1) + Λc.

Proof. The theorem follows almost immediately from Propositions 1, 2 and 3.

Remark 2. In addition to y2 + 2y = 0, notice the following formulae, which follow
from the definition of y and θ: yj = (−2)j−1y for j > 0, yθj = y(1 + y)j = (−1)jy,
for j ≥ 0, (1 + y)2 = 1, (1 + θ)s = 2s−1(1 + θ), θ(1 + θ) = 1 + θ and y(1 + θ) = 0.
These will be used many times henceforth and without specific mention.

5. The restriction Res : RSpin(m) −→ RH

5.1. Restriction for m − k odd. Let Ω̃ be as in 4.1. We have the following
commutative diagram:

Ω̃× Spin(2c+ 1) // H ⊂ Spin(m)

Ω̃× T (c)

i

OO

µ
// T (n)

j

OO

Ω̃× T c

Id×τ

OO

µ
// Tn

τ

OO

where µ stands for multiplication and i, j are inclusions. Since ω lies in the center of
H , every element of H is conjugate to an element of Ω̃T (c). Hence it suffices to cal-
culate the homomorphism RSpin(m)→ RΩ̃⊗RT (c) induced by µ, or equivalently
to calculate µ# : RT n −→ RΩ̃⊗RT c.

Case 1. k even, m odd (m = 2n+ 1, k = 2s, s+ c = n).
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In this case the restriction is Res: RSpin(2n+ 1)→ RH2n+1,2s. Hence

Res: Z[π1, · · · , πn−1, δn]→ Z[π̄1, · · · , π̄c−1, δc, y]/(y2 + 2y)

Here, π̄[t] denotes the π[t] corresponding to RH [t]. Observing, as in 4.1, that
Z/4 ≈ Ω̃ ⊂ T n is generated by ω̃ = (i, .(s)., i, 1 · · · , 1) and that a generic element
ξ ∈ T c has the form ξ = (1, ..., 1, eiθs+1, ..., eiθn), it is easy to see that

µ#(zj) =

{
φ, 1 ≤ j ≤ s,
zj , s+ 1 ≤ j ≤ n.

Hence, defining π′[t] = µ#π[t], we have

π′[t] = µ#
n∏
j=1

(1 + t(zj − z−1
j )2)

=
s∏
j=1

(1 + t(φ− φ−1)2)
n∏

j=s+1

(1 + t(zj − z−1
j )2)(1)

= (1 + 2ty)sπ̄[t] (since (φ − φ−1)2 = 2θ − 2 = 2y).

It follows that

π̄[t] = (1 + 2ty)−sπ′[t],(2)

so that π̄i is a linear combination of π′1, · · · , π′i with coefficients in Z[y], for i =
1, · · · , c.

Next, consider ∆n ∈ RSpin(2n+ 1). Since ∆n =
∏n
j=1(zj + z−1

j ), we have

j#(∆n) =
s∏
j=1

(φ+ φ−1)
n∏

j=s+1

(zj + z−1
j )

=
{
φ(1 + θ)s∆c if s odd
(1 + θ)s∆c if s even

}
= (1 + θ)s∆̄c.

So, we obtain

Res(∆n) = 2s−1(2 + y)∆̄c.(3)

From (1) and (3), we have

Proposition 4. For m = 2n+ 1 and k = 2s, Res : RSpin(2n+ 1)→ RH is given
by

Res(π[t]) = π′[t] = (1 + 2ty)sπ̄[t],

Res(δn) = 2s−1(2 + y)δc + 2n−1y.

Case 2. k odd, m even (m = 2n, k = 2s− 1).

In this case the restriction is Res: RSpin(2n)→ RH2n,2s−1. Hence

Res: Z[π1, · · · , πn−2, δ
+
n , χn]→ Z[π̄1, · · · , π̄c−1, δc, y]/(y2 + 2y).

This time ω̃ = (i, .(n)., i) and ξ =
(
1, · · · , 1, eiθs+1, · · · , eiθn

)
imply

µ#(zj) =

{
φ, 1 ≤ j ≤ s,
φzj , s+ 1 ≤ j ≤ n.
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Hence

π′(t) = µ#(π[t]) = µ#(
n∏
j=1

[1 + t(zj − z−1
j )2]

=
s∏
j=1

[1 + t(φ− φ−1)2]
n∏

j=s+1

[1 + t(φzj − (φzj)−1)2]

= (1 + 2ty)s
n∏

j=s+1

[1 + 2t(θ − 1) + tθ(zj − z−1
j )2]

= (1 + 2ty)n
n∏

j=s+1

[
1 + (zj − z−1

j )2 tθ

(1 + 2ty)

]
.

Therefore,

π′[t] = (1 + 2ty)nπ̄[u],(4)

where u = u(t) = t(1+y)/(1+2ty). Since (1+2ty)(1+2uy) = 1 one has u(u(t)) = 1,
so that

π̄[t] = (1 + 2ty)nπ′[u],(5)

from which we conclude as before that π̄i is a linear combination of π′1, · · · , π′i with
coefficients in Z[y], i = 1, · · · , c.

Next, we have (in RSpin(2n)) ∆+
n and ∆−n . If we write, as in §3, ∆n[t] =∏n

j=1(zj + tz−1
j ), we have ∆n[t] = ∆+

n + t∆−n for t = ±1. Hence, for t = ±1,

j#(∆n[t]) =
s∏
j=1

(φ+ tφ−1)
n∏

j=s+1

(φzj + tφ−1z−1
j )

= (1 + tθ)sφn
n∏

j=s+1

(zj + tθz−1
j )

= φn(1 + tθ)s∆c[tθ] = 2s−1(1 + tθ)φn∆c[tθ],

from which it follows that

Res(∆+
n ) = 2s−1∆̄c and Res(∆−n ) = 2s−1θ∆̄c.(6)

From (4) and (6) we have

Proposition 5. For m = 2n and k = 2s− 1, Res: RSpin(2n)→ RH is given by

Res(π[t]) = π′[t] = (1 + 2ty)nπ̄ [t(1 + y)/(1 + 2ty)] ,

Res(δ+
n ) = 2s−1δc,

Res(χn) = −2s−1δcy − 2n−1y.

5.2. Restriction for m and k both even. Next m = 2n, k = 2s and as before
c = n− s. The restriction is given by Res: RSpin(2n)→ RH2n,2s. Hence

Res: Z[π1, · · · , πn−2, δ
+
n , χn]→ Z[π̄1, · · · , π̄c−2, δ

+
c , δc, y]/(y2 + 2y).

As in 5.1, case 2, we have

π′[t] = (1 + 2ty)nπ̄[u],(7)

Res(∆+
n ) = 2s−1∆̄c and Res(∆−n ) = 2s−1θ∆̄c(8)
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(here ∆̄c = ∆̄+
c + ∆̄−c ). Hence, from (7) and (8) we have

Proposition 6. For m = 2n and k = 2s, Res:RSpin(2n)→ RH is given by

Res(π[t]) = π′[t] = (1 + 2ty)nπ̄ [t(1 + y)/(1 + 2ty)] ,

Res(δ+
n ) = 2s−1δc, (δc = δ+

c + δ−c ),

Res(χn) = −2s−1δcy − 2n−1y.

5.3. Restriction for m and k both odd. Here m = 2n + 1, k = 2s + 1.
We write Λ[t] for the corresponding Λ[t] to RHm,k[t]. The restriction is given
by Res:RSpin(2n+ 1)→ RH2n+1,2s+1. Hence

Res : Z[Λ1, · · · ,Λn−1,∆n]→ Z[Λ̄1, · · · , Λ̄c−1, ∆̄c, θ]/(θ2 − 1, θ∆̄c − ∆̄c).

We may identify Res(x), x ∈ RSpin(2n+ 1), by calculating the restriction of x
to RSpin(2c) and to RHm,k+1. In the case of RHm,k+1, going back to 5.1, case 1,
where Res:RSpin(2n+ 1)→ RHm,k+1, we have (note k + 1 = 2(s+ 1)) that

Res(Λ[t]) = µ#(1 + t)
n∏
i=1

(1 + tz2
i )(1 + tz−2

i )

= (1 + t)
s+1∏
j=1

(1 + tθ)(1 + tθ−1)
n∏

j=s+2

(1 + tz2
j )(1 + tz−2

j )

= (1 + tθ)2s+2Λ̂[t]

(Λ̂[t] denotes the Λ[t] corresponding to RHm,k+1) and Res(∆n) = 2s(θ + 1)∆̄c−1.
Now, Λ[t] restricts to (1 + t)2s+1Λ[t] in RSpin(2c)[t], and from 4.3 we have that

Res0(Λ[t]) = (1 + tθ)Λ̂[t] and Ress(Λ̄[t]) = Λ[t] ∈ RSpin(2c)[t]. Hence

Res(Λ[t]) = Λ′[t] = (1 + tθ)kΛ̄[t].(9)

The element ∆n ∈ RSpin(2n+ 1) restricts to 2s∆c ∈ RSpin(2c). But Ress(∆̄c)
= ∆c and Res0(∆̄c) = (1 + θ)∆̄c−1. Hence,

Res(∆n) = 2s∆̄c.(10)

From (9) and (10) we have

Proposition 7. For m = 2n+ 1, k = 2s+ 1, Res:RSpin(2n+ 1)→ RH is given
by

Res(Λ[t]) = Λ′[t] = (1 + tθ)kΛ̄[t],

Res(∆n) = 2s∆̄c.

6. The Hodgkin spectral sequence

6.1. The theorem. Let G be a compact, connected Lie group with π1(G) torsion-
free and H a closed subgroup of G. The Hodgkin spectral sequence calculates the
complex K-theory of G/H in terms of RG and RH . The result is the following (cf.
[10], [12]).

Theorem 3. Given G and H as above, there is a strongly convergent sequence
Er(G/H) with the following three properties:

(i) As an algebra, Ep2 (G/H) = TorpRG(RH ;Z),
(ii) The differential dr : Ep−rr → Epr is zero for r even,
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(iii) E∗∞(G/H) is the graded algebra associated to a negative filtration of
K∗(G/H) compatible with its multiplication

F pK∗ ⊗ F qK∗ → F p+qK∗,

F pK∗ = F−pK
∗ = F̃ 2pK0 ⊕ F̃ 2p+1K.

Notes: 1. RG,RH and R{1} = Z are trivially Z/2-graded by R0 = R and R1 = 0.

2. If Tor∗RG(RH, Z) is generated as an algebra by its elements of degree ≤ 2,
then the Hodgkin spectral sequence collapses. Hence in this case we have two
isomorphisms

E0,0
2 = RH ⊗RG Z ≈−→ E0,0

∞ = F0K
0,

E−1,0
2 = Tor−1

RG(RH ;Z) ≈−→ E−1,0
∞ = F−1K

−1.

6.2. Some consequences. Let G and H be as above, and let Res : RG→ RH be
the homomorphism induced by inclusion.

As before, εG : RG→ R{1} = Z is the augmentation which assigns to each repre-
sentation its dimension. We will suppose that RG = Z[γ1, · · · , γn] with εG(γi) = 0,
i = 1, · · · , n (if εG(γi) 6= 0 we take γ̃i = γi − εG(γi)), and RH is generated by
h1, ..., hm with εH(hj) = 0, j = 1, · · · ,m.

Let Γ = Z[γ1, · · · , γr], 1 ≤ r ≤ m. We state the following straightforward
applications of the change of rings theorem and Koszul resolution (cf. [5] and [12]):

1. If RH is a free (or more generally flat) Γ-module and Res(γi) = hi, i =
1, · · · , r, it follows that Tor∗RG(RH ;Z) = Tor∗A(B;Z), where

A = RG/(γ1, · · · , γr), B = RH/(h1, · · · , hr)

and the A-module structure of B (which we call Res/A, or Res by a small
abuse of notation) is induced by Res.

2. If τ1, · · · , τs ∈ A and (Res/A)(τi) = 0, 1 ≤ i ≤ s, then, setting A′ =
A/(τ1, · · · , τs), B is an A′-module via Res/A and

Tor∗A(B;Z) ≈ Λ∗Z [t1, · · · , ts]⊗ Tor∗A′(B;Z),

where Λ∗Z [t1, · · · , ts] denotes the graded exterior algebra with generators ti of
degree 1,

3. If RH is a trivial RG-module, then

Tor∗RG(RH ;Z) ≈ Λ∗RG[t1, · · · .tn],

where t1, · · · , tn are of degree 1.

7. The complex K-theory of Xm,k for mk even

Now that RH and the restriction Res:RSpin(m) → RH are known, we are in
position to determine K∗(Xm,k) for mk even. To do this we must determine the
structure of the ring B defined in §6, as well as the restriction A→ B, so as to be
able to apply the Koszul resolution.
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7.1. Structure of B. From §5 relations (1), (2), (4), (5) and (7) (cases where mk
is even), we see that π′1, · · · , π′c can be taken as generators for RHm,k instead of
π̄1, · · · , π̄c. Since Res(πi) = π′i, i = 1, · · · , c and RH is a free Z[π1, · · · , πc]-module
it follows from 6.2 (1) that

Tor∗RSpin(m)(RH ;Z) ≈ Tor∗A(B;Z),(11)

where

A = RSpin(m)/(π1, · · · , πc), B = RH/(π′1, · · · , π′c)

(unfortunately, for m and k both odd RH is not a free Z[λ1, · · · , λc]-module).
The homomorphism Res induces an algebra homomorphism Res/A : A → B

that makes B an A-algebra. While A is still a polynomial algebra (on c fewer
generators), the structure of B is more complicated as we now see.

From §5, (1), (5) and (7) we have

π̄[t] =

{
(1 + 2ty)−sπ′[t] (m = 2n+ 1),
(1 + 2ty)nπ′[u] (m = 2n),

(12)

where u = t(1 + y)/(1 + 2ty).
Now π̄i = 0 for i > c, and in B, we have π′i = 0 for 1 ≤ i ≤ c (π′0 = 1). So, for

1 ≤ i ≤ c, in B we have:

π̄[t] =

{
Tc(1 + 2ty)−s (m = 2n+ 1),
Tc(1 + 2ty)n (m = 2n),

(13)

where Tc is truncation defined by Tc(
∑

i≥0 ait
i) =

∑c
i=0 ait

i. Thus,

π̄i =

{
(−1)i−1

(
n
i

)
22i−1y,

−
(
s+i−1
i

)
22i−1y,

1 ≤ i ≤ c,(14)

recalling that y2 = −2y and the well known identity
(−s
i

)
= (−1)i

(
s+i−1
i

)
(cf. [8]).

Substituting u for t in the second equation of (12) and using (4), we get

π′[t] = (1 + 2ty)n
∑
i≥c

(
n

i

)
(2uy)i.(15)

We write f̄(t) for f(−t/(1 + t)). Observe that fg = f̄ ḡ and f + g = f + g.
Then, f(2uy) = f(2ty). Hence π′[t] = F (2ty), where F (t) = (1 + t)nTc(1 + t)n.

Lemma 6. With the above notation
(i) (1 + t)sTc(1 + t)−s = (1 + t)nTc(1 + t)n,
(ii) (1 + t)sTc(1 + t)−s = (−1)c

∑c
i=0

(
n
i

)(
i−1
c

)
ti.

Proof. Fix s ≥ 0. Both results are proved by induction on c starting with c = 0
where both sides of the equations are (1 + t)s, since c = 0 implies n = s. The
inductive steps in (i) and (ii) are obtained by using the elementary identities:(

i+ 1
j

)
=
(
i

j

)
+
(

i

j − 1

)
,

(
i

j

)
= (−1)j

(
j − i− 1

j

)
,(

n

i

)(
i

j

)
=
(
n

j

)(
n− j
i− j

)
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valid for all i, j and n ≥ 0 (see [8]). Specifically, for (i) the inductive step is

(1 + t)n+1Tc+1(1 + t)n+1 − (1 + t)nTc(1 + t)n

= (1 + t)n+1(Tc(1 + t)n+1 − (1 + t)Tc(1 + y)n)

= (1 + t)n+1

(
n

c+ 1

)
tc+1 (since tTc(f) = Tc+1(tf))

= (1 + t)n+1

(
n

c+ 1

)(
−t

1 + t

)c+1

= (−1)c+1

(
n

c+ 1

)
(1 + t)stc+1 = (1 + t)s

(
−s
c+ 1

)
tc+1

= (1 + t)sTc+1(1 + t)−s − (1 + t)sTc(1 + t)−s,

whereas for (ii) the inductive step is: consider

(−1)c+1
n∑
i=0

(
n

i

)(
i− 1
c

)
ti − (−1)c

n∑
i=0

(
n

i

)(
i− 1
c

)
ti.

Using the elementary identities above we have(
n

i

)(
i− 1
c

)
+
(
n+ 1
i

)(
i− 1
c+ 1

)
= (−1)c+1

(
−s
c+ 1

)(
s

i− c− 1

)
which is equal to the coefficient of ti in (−1)c+1

(−s
c+1

)
(1 + t)stc+1.

Applying Lemma 6 to the expression (15) for π′[t] for m even and (13) for m
odd, we conclude that in B, for m even or odd,

π′i = (−1)c+1+i22i−1

(
n

i

)(
i− 1
c

)
y, i > c.(16)

In addition to this explicit formula for π′i, i > c, it is important to establish
certain linear relations among these π′i. We do this next.

Since π̄i = 0, i > c, from (12) we see that for i > c

0 =
∑
j≥0

π′j

(
n− j
i− j

)
(1 + y)j(2y)i−j

=
(
n

i

)
(2y)i + θiπ′i +

i−1∑
j=c+1

(
n− j
i− j

)
θj(2y)i−1π′j .

(17)

Substituting in (13), we get

π′i = 22i−1y

(
n

i

)
−

i−1∑
j=c+1

(
n− j
i− j

)
22(i−j)π′j .(18)

Now, by substituting the values of π̄i given in (14) in the relations for δ2
c , χ

2 and
δ+
c δ
−
c from Theorem 2, and using elementary binomial identities (see [8] for exam-

ple) we get the relations

δ2
c + 2c+1δc =

{
22c−1y

[
1 + (−1)s−1

(
n−1
c

)]
(m = 2n),

22c−1y
[
1 + (−1)s−1

(
n
c

)]
(m = 2n+ 1),

(19)
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χ2 = (δ+
c − δ−c )2 = θnπ̄c = (−1)s−122c−1y

(
n

c

)
(m even, k even),(20)

δ+
c δ
−
c + 2c−1δc = 22c−3y

[
1 + (−1)s

(
n− 1
c− 1

)]
(m even, k even),(21)

From (18) and δc = δ+
c + δ−c , it follows trivially that

δcδ
+
c = 22c−3y

[
1 + (−1)s

(
n− 1
c− 1

)]
− 2c−1δc + (δ+

c )2 (m even, k even).(22)

The ring structure of B is thus given by

Proposition 8. Let L =
[
1 + (−1)s−1

(
[(m−1)/2]

c

)]
and M =

[
1 + (−1)s

(
n−1
c−1

)]
.

(i) For m− k odd, as an abelian group

B ≈ Z ⊕ Zy ⊕ Zδc ⊕ Zδcy
with multiplication given by the table

y δc
y −2y δcy
δc δcy 2c+1δc + 22c−1yL

As a ring, B ≈ Z[δc, y]/I, where I is the ideal generated by y2+2y and δ2
c+2c+1δc−

22c−1yL.
(ii) For m and k both even

B ≈ Z ⊕ Zy ⊕ Zδc ⊕ Zδ+
c ⊕ Zδcy ⊕ Zδ+

c y ⊕ Z(δ+
c )2 ⊕ Z(δ+

c )2y

with multiplication given by the table

y δc δ+
c

y −2y yδc yδ+
c

δc yδc −2c+1δc + 22c−1yL −2c−1δc + 22c−3yM + (δ+
c )2

δ+
c yδ+

c −2c−1δc + 22c−3yM + (δ+
c )2 (δ+

c )2

or, B ≈ Z[y, δc, δ+
c ]/J , where J is the ideal generated by y2 + 2y, δ2

c + 2c+1δc −
22c−1yL, and δcδ

+
c + 2c−1δc − 22c−3yM − (δ+

c )2.

Remark 3. The remaing products, with (δ2
c )2 and y(δ2

c ) are easily deduced in terms
of the abelian group generators for B using the products given above.

7.2. Structure of A. As forA, from relation (16) (and proceeding as in [2]), we can
choose a new basis for A, namely τ1, · · · , τs−3, ρ1, ρ2, ρ3, such that Res(τi) = 0, i =
1, · · · , s − 3, and, for m = 2n + 1 and k = 2s, Res(ρ1) = 0, Res(ρ2) = Res(δn),
Res(ρ3) = by, while for m = 2n and k = 2s or 2s − 1, Res(ρ1) = Res(χn),
Res(ρ2) = Res(δ+

n ), Res(ρ3) = by.
In both cases b = g.c.d.{22i−1

(
n
i

)
, i = c + 1, · · · , [m/2] − 2}, and we remind

the reader that the formulae for Res(δn), Res(χn), and Res(δ+
n ) were given in §5.

Hence, from 6.2(2) we have, for m = 2n,

Tor∗A(B;Z) ≈ Λ∗Z [t1, · · · , ts−3]⊗Z Tor∗A′(B;Z)(23)

with dim ti = 1, i = 1, · · · , s−3, and A′ = A/(τ1, · · · , τs−3), while, for m = 2n+ 1,

Tor∗A(B;Z) ≈ Λ∗Z [t1, · · · , ts−2]⊗Z Tor∗A′′(B;Z)(24)

with dim ti = 1, i = 1, · · · , s− 2, and A′′ = A/(τ1, · · · , τs−3, ρ1).
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7.3. K∗(Xm,k) for mk even. We treat separately the three cases m even, m odd
k even and, m odd k odd, noting that in all cases A, A′, and A′′ are polynomial
algebras so that the Koszul resolution is applicable.

7.3.1. m even. Tor∗A′(B;Z) is the homology of the Koszul complex Λ∗B(x1, x2, x3),
where d(xi) = Res(ρi), i = 1, 2, 3. As in [2], we take a new basis u1, u2, u3 for
Λ∗B(x1, x2, x3) with d(u1) = 2αy, 2α = g.c.d.{2n−1, b}; d(u2) = 2s−1δc; and d(u3) =
0. Hence for k = 2s− 1

Tor∗A′(B;Z) ≈ Λ∗Z [z1, z2, z3, z4]⊗ Z[y, δc]/I,(25)

and for k = 2s

Tor∗A′(B;Z) ≈ Λ∗Z [z1, z2, z3, z4]⊗ Z[y, δc, δ+
c ]/J(26)

with y, δc and δ+
c of degree 0 and, z1, z2, z3, z4 of degree 1 given by, z1 = (y+ 2)u1,

z2 = −2n+c−2−αLu1 + (δc + 2c+1)u2, z4 = −2s−1−rδcu1 + 2α−ryu2 and z3 = u3.
For k = 2s−1, I is the ideal generated by: y2+2y; δ2

c+2c+1δc−22c−1yL; 2s−1δc;
2αy; (y+2)z4−2s−1−rδcz1; 2rz4, where r = min{α, s− 1}; z1y; z1z4; z2z4; z2δc−
22c−1+r−αLz4; and δcz4 + 2c+1z4 − 2α−ryz2.

For k = 2s, J is the ideal generated by the same elements given in I and the
element δcδ+

c + 2c−1δc − 22c−3yM − (δ+
c )2.

Therefore we have

Theorem 4. The Hodgkin spectral sequence for X2n,k collapses, and so, as graded
algebras,

K∗(X2n,2s−1) ≈ Λ∗Z [t1, · · · , ts−3, z1, z2, z3, z4]⊗ Z[y, δc]/I,

K∗(X2n,2s) ≈ Λ∗Z [t1, · · · , ts−3, z1, z2, z3, z4]⊗ Z[y, δc, δ+
c ]/J,

where I and J are the ideals generated by the above elements, except that z1z4 and
z2z4 are replaced by z1z4 + λ, z2z4 + µ , for some λ, µ ∈ Z [y, δc] if k odd, or by
λ, µ ∈ Z [y, δc, δ+

c ] if k even.

Proof. This follows from (11), (18), (23), (24), (25) (or (26) for k = 2s), Theorem
1, Note 2 of §6 and §6 of [2]. As for the elements ziz4, i = 1, 2, they are in
Tor2 = E∞2 = F̃ 2/F̃ 0. Since ziz4 = 0 in Tor∗, we have ziz4 ∈ F̃ 0(K∗) ⊂ K0.
Hence, in K0, ziz4 = aiy + biδc + ciδcy, ai, bi, ci ∈ Z, i = 1, 2 for k = 2s − 1
(similarly for k even with the extra terms added).

7.3.2. m odd, k even. Tor∗A′′(B;Z) is the homology of the Koszul complex
Λ∗B(x1, x2):

0 −→ B −→ B ⊕B d−→ B −→ 0

where d(x1) = Res(ρ3) = by and d(x2) = Res(δn) = 2s−1(2 + y)δc + 2n−1y.
Then, in Tor0

A′′(B;Z) we have by = 0 and 2s−1(2 + y)δc + 2n−1y = 0. Hence, by
multiplying the second equation by y, it follows that 2ny = 0. Thus 2αy = 0, where
2α = g.c.d.{2n , b}.

For i ≥ 1, Hi(Λ∗B) may be computed by hand or using a suitable software such
as Maple (Maple V Release 4, Waterloo Maple Inc., June 1996, Gröbner package).
A set of generators of H1 is, z1 = (−2n+c−r − 2n−1−rδc)x1 + (2c+1−rb+ 2−rbδc)x2,
r = min{n− 1, c+ 1}, z2 = (2 + y)x1, and z3 = 2n−αx1 + 2−αbyx2.
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From this and by calculating Hi, i > 1 from the Koszul resolution, it is not hard
to verify that as graded algebras

Tor∗A”(B;Z) ≈ Λ∗Z [z1, z2, z3]⊗ Z[y, δc]/I(27)

with z1, z2, z3 of degree 1, y and δc of degree 0, and I the ideal generated by
y2 + 2y; z2z3; yz2; δ2

c + 2c+1δc − 22c−1yL; 2αy; 2s−1(2 + y)δc + 2n−1y; z2z3; 2rδcz1

+ 22c−2+αLyz3; 2ryz1 + 2n−1δcz2 + 2α(2cy − δc)z3; −2n−αz2 + (2 + y)z3; 2αz3 −
(2n−1 + 2s−1δc)z2.

Hence we have

Theorem 5. The Hodgkin spectral sequence for X2n+1,2s collapses, and so, as
graded algebras,

K∗(X2n+1,2s) ≈ Λ∗Z [t1, · · · , ts−2, z1, z2, z3]⊗ Z[y, δc]/I,

where I is the ideal generated by the elements listed in (27).

Remark 4. The element y + 1 ∈ K∗(Xm,k) can be identified with the complexified
Hopf bundle cξm,k over Xm,k (see [2]). Then it follows from the preceding results
that for mk even the order of cξm,k is

2α(m,k) = g.c.d.

{
2[(m−1)/2], 22i−1

(
n

i

)
, i = c+ 1, · · · , [(m− 3)/2]

}
.

8. K∗(Xm,k) for mk odd

When mk is odd, various things go wrong. First, the Pontrjagin classes do not
make sense, so we are obliged to work with the exterior powers λ̄i = Λ̄i −

(
2c
i

)
instead (recalling that we are writting Λ[t] for the Λ[t] corresponding to RHm,k[t]
in order to distinguish the Λ[t] in RSpin(2n + 1)[t]). Second, there is the more
serious problem that RH is no longer a free Z[λ1, · · · , λc]-module, so that change
of rings cannot be used.

We shall therefore content ourselves with calculating K0(Xm,k) and, in particu-
lar, the order of y and δc in K∗(Xm,k). The relevant complex is Λ∗RH [x1, · · · , xn],
which is given by

0→ ΛnRH(x1, · · · , xn)→ · · · → Λ1
RH(x1, · · · , xn)→ Λ0

RH(x1, · · · , xn) = RH,

where d(xi) = Res(λi) = λ′i (0 < i < n) and d(xn) = Res(δn) = 2sδc. Then, since
H0(Λ∗RH) = RH/ Imd, we have

H0(Λ∗RH) = Z[λ1, · · · , λc−1, δc, y]/(λ′1, · · · , λ′n−1, 2
sδc, y

2 + 2y, yδc + 2cy).

In RH we have, recalling Lemma 1, Cor. 1, and 4.3, Cor. 1, that Λ̄j = θΛ̄2c−j

for all j and Λ̄c = ∆̄2
c − (1 + θ)(1 + Λ̄1 + ... + Λ̄c−1) (Theorem 2). Also note that

y∆̄c = (θ − 1)∆̄c = ∆̄c − ∆̄c = 0.
Let λ′[t] = Λ′[t] − (1 + t)2n+1 =

∑
i>0 λ

′
it
i (λ′i = χiλ

′[t], where χi stands for
“coefficient of ti” as usual). Using this and applying (9), we have

λ′[t] = (1 + tθ)2s+1(Λ̄[t]− f(t)),

where f(t) = F (θ, t), with (by definition)

F (z, t) =
(1 + t)2n+1

(1 + zt)2s+1
.
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Thus

χi(1 + tθ)−2s−1λ′[t] = χi(Λ̄[t]− f(t)) = Λ
i − χif(t), i > 0.(28)

Now in H0(Λ∗RH) we have λ′i = 0, 0 < i < n. Since χi(1 + tθ)−2s−1λ′[t] is a
Z[θ]-linear combination of λ′1, · · · , λ′n−1, from (28) we have

Λ
i − χif(t) = 0, 0 < i < n.(29)

But in RH , Λ
c+i

= θΛ
c−i

, i ≥ 0. Substituting this in (29), we have, in H0(Λ∗RH),

(χc+i − θχc−i)f(t) = 0, i ≥ 0.(30)

In particular,

yχcf(t) = 0.(31)

Our next objective is to replace the relations (30) and (31) by the single relation
by, where

b = g.c.d.

{
22c

(
n

c

)
, 22i−1

(
n

i

)
, i = c+ 1, · · · , n− 1

}
.

For i ≥ 0, (χc+i − zχc−i)F (z, t) is a polynomial, hi(z), say. Clearly, hi(1) =
(χc+i − χc−i)(1 + t)2c =

(
2c
c+i

)
−
(

2c
c−i
)

= 0. Since hi(1) = hi(−1) modulo 2 and
θ2 = 1,

hi(θ) =
1
2

(hi(1) + hi(−1)) +
θ

2
(hi(1)− hi(−1))

=
1 + θ

2
hi(1) +

1− θ
2

hi(−1) = 0− 1
2
yhi(−1).

Now hi(−1) = (χc+i + χc−i)Fs,c where Fs,c = (1 + t)2c
(

1+t
1−t

)2s+1

. It follows that

yχcf(t) = (θ − 1)χcf(t) = −(1− θ)χcF (θ, t)

= −(χc − θχc)F (θ, t) = −h0(θ) =
1
2
yh0(−1) = yχcFs,c,

and also

(χc+i − θχc−i)f(t) = hi(θ) = −1
2
yhi(−1) = −1

2
(χc+i + χc−i)Fs,c.

Lemma 7. With the above notation,
(i) χcFs,c = 22c

(
s+c
c

)
, all s ≥ 0, all c ≥ 0.

(ii) For all i > 0 we have (χc+i +χc−i)Fs,c = χc+iFs,c+i −
(

2i
i

)
χcFs,c +Z-linear

combination of (χc+j + χc−j)Fs,c (0 < j < i).

Proof. (i) By induction on n = s+ c starting with n = 0 and using
(a) χcFs,c = χcFs−1,c + 4χc−1Fs,c−1 (this follows from Fs,c−Fs−1,c = 4tFs,c−1),
(b) χ0Fs,0 = 1, all s ≥ 0,

(c) χcF0,c = χc

(
(1+t)2c+1

1−t

)
= 22c, ∀c ≥ 0 (this follows using 1

1−t =
∑

i≥0 t
i).

(ii) We have, for i > 0,

(1 + t)2i = 1 + t2i +
(

2i
i

)
ti +

∑
0<j<i

(
2i
j

)
tj
(

1 + t2(i−j)
)
.

Hence (χc+i + χc−i)Fs,c = χc+i(1 + t2i)Fs,c and the result follows.
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From the lemma we deduce (respectively from (i), (ii))
1. yχcf = 22c

(
s+c
c

)
y.

2. For i > 0, 1
2hi(−1) = 22(c+i)−1

(
s+c+i
i

)
− 1

2

(
2i
i

)
22c
(
s+c
c

)
+Z-linear combination

of 1
2hj(−1) (0 < j < i).
An easy inductive argument (using Pascal’s triangle) now shows that

g.c.d.

{
22c

(
s+ c

c

)
,

1
2
hi(−1) (0 < i < n− c)

}
= g.c.d.

{
22c

(
s+ c

c

)
, 22(c+i)−1

(
s+ c

c+ i

)
(0 < i < n− c)

}
.

Writing b for this, we conclude that the relations yχcf(t), (χc+i − θχc−i)f(t) (0 <
i < n− c) may be replaced by the single relation by.

The next item on the agenda is the relation involving ∆̄2
c . In H0(Λ∗RH) we have

∆̄2
c = (1 + θ)(1 + Λ̄1 + · · ·+ Λ̄c−1) + Λ

c
(32)

= (1 + θ)(1 + χ1 + · · ·+ χc−1)f(t) + χcf(t).

But

(1 + θ)χif(t) = χi(1 + θ)f(t) = χi(1 + θ)(1 + t)2c

(
1 + t

1 + θt

)2s+1

= χi(1 + θ)(1 + t)2c

since θ(1 + θ) = (1 + θ) and using the binomial theorem. Substituting this in the
relation (32) for ∆̄2

c , we have

∆̄2
c = (1 + θ)(1 + χ1 + · · ·+ χc−1)(1 + t)2c + χcf(t)(33)

= (1 + θ)
c−1∑
i=0

(
2c
c

)
+ χcf(t) = (2 + y)

1
2

[
22c −

(
2c
c

)]
+ χcf(t).

Now

χcf = χcF (θ, t) = χc

(
F (1, t) + F (−1, t)

2

)
+ θχc

(
F (1, t)− F (−1, t)

2

)
=

1
2

((
2c
c

)
+ 22c

(
n

c

))
+

1
2

((
2c
c

)
− 22c

(
n

c

))
θ

(using Lemma 7 for F (−1, t)). Hence from (33) in H0(Λ∗RH) we have

∆̄2
c = 22c−1y

[
1−

(
n

c

)]
+ 22c,

or, equivalently,

δ2
c + 2c+1δc = 22c−1y

[
1−

(
n

c

)]
.

Thus,

K0(Xm,k) = Z[∆̄c, y]/(y2 + 2y, ∆̄cy, 2sδc, by, ∆̄2
c −D),

where D = 22c + 22c−1
{

1−
(
n
c

)}
y.

Let R be the ring Z[y]/(y2 + 2y, by). Then

K0(Xm,k) = R[∆̄c]/(y∆̄c, 2sδc, ∆̄2
c −D).

An easy calculation shows that R = Z ⊕ Zby (Zb being Z/b).
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Consider the inclusion R + R∆̄c in R[∆̄c]. This induces an epimorphism R +
R∆̄c → K0(Xm,k) (because of the relations y∆̄c, ∆̄2

c −D). Now r0 + r1∆̄c lies in
the kernel if and only if r0 + r1∆̄c = Fy∆̄c + G(2s∆̄c − 2n) + H(∆̄2

c −D), where
r0, r1 ∈ R and F,G,H ∈ R[∆̄c]. Writing F = F0(∆̄2

c) + ∆̄cF1(∆̄2
c) and similarly for

G (note that any F,G ∈ R[∆̄c] can be written this way), we see that the expression(
F0(∆̄2

c) + ∆̄cF1(∆̄2
c)
)

∆̄cy +
(
G0(∆̄2

c) + ∆̄cG1(∆̄2
c)
)

(2s∆̄c − 2n)

−{F0(D)∆̄cy +DF1(D)y + 2sG0(D)∆̄c − 2n∆̄cG1(D)− 2nG0(D) + 2sDG1(D)}

is divisible by ∆̄2
c −D. Thus, for a suitable choice of H ,

r0 + r1∆̄c = F0(D)∆̄cy +G0(D)
{

2s∆̄c − 2n
}

+G1(D)
{

2sD − 2n∆̄c

}
(here we used the fact that Dy = 0 in R, which follows easily from by = 0).

Now F0(D), G0(D), G1(D) are arbitrary elements of R. Hence the kernel
above is generated over Z by ∆̄cy, ∆̄cy

2, 2s∆̄c − 2n, 2s∆̄cy − 2ny, 2sD − 2n∆̄c

and 2sDy − 2n∆̄cy, or, equivalently, by ∆cy, 2sδc, 2ny, 2sD − 2n∆̄c, that is, by
∆̄cy, 2sδc, 2ny, 2s+2c−1

{
1−

(
n
c

)}
y = 2n+c−1[1 −

(
n
c

)
]y. But the last term is zero

even if s = 0 (for then
(
n
c

)
= 1). Thus,

K0(Xm,k) = (R +R∆̄c)/(2sδc,∆cy, 2ny) = (R + Z∆̄c)/(2sδc, 2ny)
= (Z + Zby + Zδc)/(2sδc, 2ny) = Z + Z2αy + Z2sδc,

where

2α = g.c.d.

{
2n; 22c

(
n

c

)
; 22(c+i)−1

(
n

c+ i

)
, 0 < i < n− c

}
.

Furthermore, y2 = −2y, yδc = −2cy, and δ2
c = −2c+1δc + 22c−1[1−

(
n
c

)
]y.

We end by observing that:
1. The generators occurring in Theorems 4 and 5 may be described geometrically

via the α and β constructions, as in [10] and [12].
2. Using the Gysin sequence, K∗(X2n,2s) may be deduced from K∗(X2n,2s−1)

as in [7], but K∗(X2n+1,2s+1) cannot be similarly deduced, as X2n+1,2s+1 is non-
orientable.

3. In the special cases X2n,2n−1 = PO(2n) and Xm,1 = RPm−1 these results
reduce to those of [9], [10] and [1]. For X4n,2k−1 they agree with [2].
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